
 

 

 

 

FUNCTIONARY: LEARNING TO COMMUNICATE MATHEMATICALLY 

IN ONLINE ENVIRONMENTS 

 

 

A DISSERTATION 

SUBMITTED TO 

THE GRADUATE SCHOOL OF EDUCATION 

AND THE COMMITTEE ON GRADUATE STUDIES 

OF STANFORD UNIVERSITY 

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS 

FOR THE DEGREE OF 

DOCTOR OF PHILOSOPHY 

 

 

 

DAN MEYER 

MAY 2015



 
 
 
 
 
 
 
 
 
 
 
 
 
                                                      http://creativecommons.org/licenses/by-nc/3.0/us/
 
 
 

This dissertation is online at: http://purl.stanford.edu/wt046cm3365
 

© 2015 by Daniel David Meyer. All Rights Reserved.
Re-distributed by Stanford University under license with the author.

This work is licensed under a Creative Commons Attribution-
Noncommercial 3.0 United States License.

ii

http://creativecommons.org/licenses/by-nc/3.0/us/
http://creativecommons.org/licenses/by-nc/3.0/us/
http://purl.stanford.edu/wt046cm3365


I certify that I have read this dissertation and that, in my opinion, it is fully adequate
in scope and quality as a dissertation for the degree of Doctor of Philosophy.

Jo Boaler, Primary Adviser

I certify that I have read this dissertation and that, in my opinion, it is fully adequate
in scope and quality as a dissertation for the degree of Doctor of Philosophy.

Pam Grossman, Co-Adviser

I certify that I have read this dissertation and that, in my opinion, it is fully adequate
in scope and quality as a dissertation for the degree of Doctor of Philosophy.

Dan Schwartz

I certify that I have read this dissertation and that, in my opinion, it is fully adequate
in scope and quality as a dissertation for the degree of Doctor of Philosophy.

Sam Wineburg

Approved for the Stanford University Committee on Graduate Studies.
Patricia J. Gumport, Vice Provost for Graduate Education

This signature page was generated electronically upon submission of this dissertation in 
electronic format. An original signed hard copy of the signature page is on file in
University Archives.

iii



 

 iv 

Abstract 

 

This study posed and studied a solution to a prevailing tension in online education: 

the online medium is fundamentally connective and yet students often report feelings of 

social isolation. The study compared two online interventions – both into a student's 

fluency in the language of functions and graphs, a major focus of a student's transition 

from arithmetic to algebra. The "traditional" intervention had students perform auto-

graded recall-based work common to current online education platforms, and experience 

didactic instruction. The "Functionary" intervention, meanwhile, had students perform 

communicative work, taking turns drawing and describing a graph with an online partner, 

and experience instruction in response to their need. 

These interventions were studied using a pretest-posttest 3 x 2 factorial design with 

three levels of the between-subject condition variable ("traditional," "Functionary," and 

"null") and two levels of the within-subject time variable ("pre" and "post"). Students 

were counterbalanced between conditions according to their pretest scores, which 

assessed their proficiency in various elements of precision in describing and drawing 

graphs. 

An analysis of variance determined that students perceived the Functionary 

intervention to be significantly more social than the traditional intervention. In the 

aggregate, both the traditional and Functionary interventions learned significant amounts, 

with neither learning significantly more than the other. An analysis of student 

descriptions of a graph revealed that the Functionary condition saw a significant increase 

over time in the number of students who used a correct coordinate. The other conditions 



 v 

didn't see the same gains. Aspects of Functionary's design may therefore be useful to 

instructors and instructional designers in both online and face-to-face classrooms. This 

study also revealed the challenges students faced taking up conventional mathematical 

notation, adding to our pedagogical content knowledge of the language of functions and 

graphs. 

Implications for instructional designers, math teachers, and math education 

researchers are discussed. 
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Advocates of online learning have many reasons to be proud of their last quarter 

century. One of the earliest online courses, an introduction to information technology at 

the Open University in the United Kingdom, enrolled 1,400 students in 1986 (Mason, 

2000, p. 64). Twenty-five years later, the Massachusetts Institute of Technology would 

enroll 155,500 students in an introductory course on circuits and electronics (Chu, 2013). 

The OU course, while technically "online" and therefore unconstrained by geography, 

still required its students to dial their modem into a telephone number in the UK, 

resulting in a student body largely based within the calling range of the UK. The MIT 

course, meanwhile, benefitted from 25 years worth of broadband technology and boasted 

a student body comprising 194 countries. 

 The demand for online education has clearly increased between the OU course 

and MIT's and educational technology has proven sufficient to meet that demand. 

Different parties now circle online education, each with its own agenda. The Governor of 

California, for example, earmarked $10 million for online education in 2013, hopeful that 

online courses would allow California public university students to take and pass 

foundational classes, many of which were impacted and over-enrolled on California's 

face-to-face (F2F) campuses (CSU Public Affairs, 2013). In K-12 education, 

policymakers in Idaho, Florida, Alabama and Michigan have written legislation requiring 

students to complete varying amounts of coursework online as a condition of graduation 

(Sheehy, 2014). These developments have all piqued the interest of venture capitalists 

and entrepreneurs who have invested $65 million in Coursera, to name just one example 

of a privately held company specializing in online education technology (Korn, 2013). 
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This enthusiasm reaches its zenith among the academic leaders in colleges and 

universities. Since 2002, the Sloan Consortium has surveyed the attitudes towards online 

education of leaders from over 2,800 institutes of higher education. From 2003 to 2012, 

the fraction of leaders who regarded online education as "critical to their long-term 

strategy" increased from fewer than 50% to nearly 70%. In that same timeframe, the 

number of leaders who claimed learning outcomes in online courses were the same as or 

superior to those in (F2F) courses increased from 57 to 77 percent. When asked "how 

likely is it that students taking coursework online would grow to become a majority of 

the student body within five years?" nearly 90% of academic leaders responded with 

either "very likely" or "likely" (Allen & Seaman, 2013). 

So the trajectory of online learning predicts a sunny future, especially from the lofty 

vantage of policymakers, provosts, and capitalists. But as we adopt a narrower focus and 

examine online learning from the vantage of students and their teachers, we find reason 

for caution. For one, the most recent Babson survey indicated that, as in every previous 

year, enrollment in online courses had increased, but that the increase was its lowest since 

they began their survey (Allen & Seaman, 2014). And what becomes of those enrollees 

after their initial course registration? Three quarters of the academic leaders surveyed 

were convinced that online courses result in the same or better student outcomes than 

those in F2F courses. One recent meta-analysis contradicted their intuition, though, 

concluding that "students who complete online courses learn as much as those in F2F 

instruction, earn equivalent grades, and are equally satisfied" but that "online students are 

less likely to complete their courses" (Jaggars & Bailey, 2010, p. 1). How much less 

likely? Out of MIT's initial 155,500 enrollees, only 7,000 students persisted long enough 
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to receive a certificate of completion (Chu, 2013). Attrition is not an easy concept to 

operationalize and we should not casually export its definition from F2F to online classes. 

But such precipitous attrition has drawn concern and attention from the online education 

research community. 

What can be done about attrition in online courses? Many researchers urge us to 

socialize the online classroom (Ali & Leeds, 2009; Chu, 2013; Minich, 1996; Tinto, 

1993), reasoning that a student taking Circuits and Electronics at MIT's campus in 

Boston, MA, has a fundamentally different experience than the student who takes the 

same class alone in front of her computer in her bedroom. The F2F student may benefit 

from conversations with classmates before and after class. She may experience a sense of 

collective effervescence, a sense of unity and purpose that may emerge when a group 

works or thinks in concert (Durkheim, 1915). Some of her instructors may promote 

deeper engagement with the course through structured group interactions (Boaler & 

Staples, 2008) and peer instruction (Crouch & Mazur, 2001). 

Innovative course designers have tinkered at the margins of online education 

continuously since its inception, frequently experimenting with new participation 

structures, many designed to heighten a student's sense of belonging (Tinto, 1993). These 

are the exception rather than the rule, however. Since the Open University's initial foray 

into online education 1986, technology has improved exponentially in many dimensions 

while online pedagogy has improved linearly and haltingly. In many cases, online course 

designers have imported dated theories of learning directly into a new technological era 

without considering the affordances and limitations of that new medium. We find online 

pedagogy drawing on the traditions of our oldest F2F classrooms with instructor lectures 
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followed by quiz-based assessments (DiPietro, Ferdig, Black, & Preston, 2008; 

Engelbrecht & Harding, 2005a; Trenholm, 2007). 

We need new models for online education, models that support social interactions 

between students. Those models also need careful study. As much as online pedagogy 

lags behind online technology, empirical analysis of that pedagogy lags even farther 

behind, to such an extent that Hopper called online education "a practice without a 

research foundation" (2001, p. 38). 

Millions of dollars and thousands of students are pouring into online education, 

whether or not that education is well-designed or well-researched. For all these reasons, I 

will design and study an online learning intervention that reflects modern theories of 

pedagogy, that is designed to facilitate learning through social interaction. 
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 A History of Online Learning 

 

 Before we can hypothesize effective future designs for online education, it is 

essential that we examine the trajectory from online education's past to its present. We 

must understand the medium's limitations and affordances before we can circumvent the 

former and take advantage of the latter. 

 Watson, Winograd, and Kalmon define online learning as "education in which 

instruction and content are delivered primarily via the Internet" (2004, p. 95). Mason 

(2000) documented online learning's evolution, noting particular leaps from distance 

learning in the 1970s, in which physical materials were mailed to students, to initial 

online learning in the 1980s, in which students participated in audio-only conferencing 

systems. Online learning has improved since then in order to take advantage of new 

protocols for accessing the Internet. Instructors may now teach online with images, 

streaming video, and synchronous video conversations. These technological 

advancements in online education are so rapid that Engelbrecht and Harding argue "it is 

virtually impossible to take any kind of accurate snapshot of the state of its development" 

(Engelbrecht & Harding, 2005a, p. 235). Those rapid advances have allowed more 

students to access online learning than ever before. (See: MIT's 155,500 students.) 

 

 The Economic Rationale for Online Learning 

 

 But the literature and conversations surrounding online learning are not just 

pedagogical or technological in nature. They have economic and political dimensions 
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also. Allen and Seaman report that 70% of institutions of higher education (IHE) hold 

online education as "critical to their long-term strategy" (2013, p. 3) an increase of 20% 

in just over a decade. We should not doubt the sincerity of these IHEs. 74% of their 

academic leaders believe that online learning outcomes are as good or better than in F2F 

learning (Allen & Seaman, 2013, p. 4). But online education is also seen as the solution 

to an economic, not just pedagogic, problem. That problem is often described as 

Baumol's Cost Disease (Baumol, 1993), a phenomenon of some professions whereby 

rising wages are decoupled from rising productivity. University professor wages, like the 

wages of concert musicians (to use Baumol's example), have risen at a rate unmatched by 

rates of rising productivity. Professors have taught largely the same number of students 

over the last quarter century, though they are paid much more now than then. By 

comparison, MIT's largest lecture hall seats 566 students (Brobbey, 2007). MIT's online 

course in electronics and circuits enrolled 275 times that many students. If quality were 

constant from the F2F version of the class to the online, we could consider the cost 

disease improved if not entirely cured. 

 

 The Effect of Online Learning 

 

 Researchers are then preoccupied by the question of efficacy: is online learning as 

effective as face-to-face learning? For whom? A meta-analysis from the US Department 

of Education reports great uncertainty here: 
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Few rigorous research studies of the effectiveness of online learning for K–12 

students have been published. A systematic search of the research literature from 

1994 through 2006 found no experimental or controlled quasi-experimental studies 

comparing the learning effects of online versus face-to-face instruction for K–12 

students that provide sufficient data to compute an effect size. A subsequent search 

that expanded the time frame through July 2008 identified just five published studies 

meeting meta-analysis criteria (Means, Toyama, Murphy, Bakia, & Jones, 2009 p. 

xiv). 

 

 Indeed, much of the research into the efficacy of online learning is self-reported, 

uncontrolled, and often conducted by vendors with economic interests that complicate the 

goals of their research (eg. Means et al., 2009; Zhao, Lei, Yan, & Tan, 2005). Means, et 

al., reported in a US Department of Education meta-analysis of 50 studies that students in 

online conditions "performed modestly better, on average, than those learning the same 

material through face-to-face instruction" (2009 p. xiv). Jaggars and Bailey critiqued this 

analysis, though, winnowing the Means, et al., meta-analysis in two important ways 

(2010). First, to examine the claim of online education's superiority to F2F education, 

they excluded all the studies that included any F2F component (so called "blended" 

models). Then they excluded studies that compared online and F2F learning for only brief 

intervals. The shortest reported intervention was 15 minutes long, the gains of which 

might not persist over an entire college semester. Jaggars and Bailey also excluded 

studies whose populations were not university students, reducing the USDOE's 28 studies 

to 7. 
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 The Problem of Attrition 

 

 The findings of this new analysis were much more moderate than the USDOE's. 

Jaggars and Bailey concluded that "students who complete online courses learn as much 

as those in F2F instruction, earn equivalent grades, and are equally satisfied" but that 

"online students are less likely to complete their courses" (Jaggars & Bailey, 2010, p. 1). 

There is evidence also that the students who underperform in these courses or withdraw 

completely are more likely to be remedial students, underprepared, or otherwise 

unfamiliar with technology (Figlio, Rush, & Yin, 2010). These findings throw into 

conflict a university's interest in online learning and its putative interest in extending 

access to traditionally underserved populations. This conflict is heightened when we 

consider that a F2F university education involves more than just the acquisition of 

content knowledge. Students at a F2F university also accrue cultural, social, and political 

knowledge that may not accrue from equivalent online coursework, even coursework 

bearing that university's imprimatur and taught by that university's faculty. 

 These findings open up a new line of inquiry. How can we best define the 

problem of attrition in online learning and solve it? Why do online learners quit? 

Researchers have found that attrition rates among university distance learners are 

between 10% and 20% higher than those for F2F learners, depending on how the study 

defines the concept of attrition (Carnevale, 2000; Carr, 2000; Pierrakeas, Xenos, 

Panagiotakopoulos, & Vergidis, 2004; Rovai, 2002; Scalese, 2001; Simpson, 2004; 

Wojciechowski & Palmer, 2005). 
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 Defining Attrition 

 

 Attrition is challenging to define in online learning, particularly in recent years, as 

universities have experimented with free courses, open to anyone with an Internet 

connection. If attrition is measured as the number of students who do not earn a 

certificate expressed as a fraction of total enrollment, MIT's course in circuits and 

electronic had an attrition rate of 96% (Chu, 2013). This is higher than most would 

consider reasonable. But with large online courses, researchers have attempted to define 

"attrition" with more nuance, either calculating dropouts starting after the first assignment 

is completed (Chu, 2013) or defining "active participants" as students who clear a certain 

initial benchmark – i.e. watching the first course video, taking the first quiz, or visiting 

the first discussion forum (Bruff, 2013). Still others have divided online learners into 

several tranches, each of which has its own motives and priorities for taking the course. 

Kizilcec, Piech, and Schneider (2013) attempted to account for these motives by defining 

those students as either "completing," "auditing," "disengaging," and "sampling," 

theorizing that certain categories of students were only taking the course as a brief audit 

(for example) and therefore should not count towards a course's attrition rate. 

 

 Minimizing Attrition 

 

 I could find no definition for attrition under which online education compares 

favorably to F2F education. So what can we do to keep students enrolled and 
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participating? Tinto theorized (1993) that this attrition could be managed in three ways, 

by a) creating effective retention programs serving student needs as much as university 

priorities, b) committing to educating all students, rather than implicitly stratifying 

students into high- and low-risk populations, c) integrating all students into the social and 

intellectual fabric of university life. Surveys and self-reports add valence to this third 

strategy for managing attrition. Steven Mintz argued that "persistence and success are not 

simply products of cognitive factors. Noncognitive factors – in this case, social 

connection – are equally important" (Chu, 2013). Czerniewicz reported that her "primary 

experience of being a purely online learner with no face to face contact was a sense of 

isolation" (Czerniewicz, 2001, p. 17) and argued that online courses should feature a F2F 

dimension. Hart determined in her review of online learning literature that isolation is a 

factor contributing to attrition and "social connectedness or presence" is a strong 

facilitator of persistence (Hart, 2012, p. 33). 

 Minich argued (1996) that early and frequent contact with students is critical to 

their persistence. Ali and Leeds studied such efforts in an online course that began with a 

face-to-face orientation and continued with email introductions and a follow-up phone 

call from faculty (2009). The attrition rate was only 9% in the intervention course and 

72% in the course that did not receive that integrative treatment. From her study of 439 

online courses, Harasim concluded likewise that instructors "must learn to create courses 

that are constructional or conversational where discourse and teamwork create a sense of 

commitment" (Harasim, 2000).  

 Interventions that require close faculty contact are expensive, time-consuming, 

and likely unfeasible when 100,000 students or more enroll in the course. Integrating 
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students into the social fabric of a classroom is perhaps easier face-to-face than online. 

Students can chat with one another before, during, and after class. They can debate 

teacher questions and collaborate on assignments, all without the kind of close individual 

contact recommended by Ali and Leeds (2009). In theory, this is possible in online 

courses. Discussion forums have been a mainstay of the entire history of online learning 

– from early rudimentary implementations in the Open University's FirstClass bulletin 

board system (Mason, 2000) to current implementations in modern learning management 

systems (McAuley, Stewart, Siemens, & Cormier, 2010). Discussion forums are intended 

to replicate both the structured and unstructured social interactions of the classroom. 

Instructors will often ask students to respond to instructor questions in the forums. 

Students may also post their comments or questions which other students can take up 

absent the instructor's direct interaction. 

 Forums seem well-poised to solve the problem of social isolation in online 

courses but for the most part forums have not delivered on that promise, particularly in 

larger online courses. "Ironically, the biggest obstacle preventing [massive open online 

course] students from forming relationships is the feature most relied on to encourage 

them" (McGuire, 2013). The same author reports that "discussion forums" are the 

primary complaint of online course-takers. He cites vast numbers of indistinguishable 

topic threads that are difficult to sort, locate, or talk about. Similarly, instructional 

designers from Stanford studied 23 of their online courses and found that, across all 

courses, fewer than 10% of the students made even one post in the forums. They also 

found that as course enrollment increased, the relative number of postings decreased 

(Manning & Sanders, 2013). 
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 Successfully Social Online Courses 

 

 However, researchers have reported intermittently of forums that have 

successfully knit their student population together. Bruff (2013) writes of Jamie Pope's 

online nutrition course which hosted enrollees from around the world. Pope asked the 

attendees to each capture and submit a picture of a food label from their local grocery 

store, thus assembling a resource that her F2F students could not have easily created at 

their individual sites. In other successful forum implementations, instructors broke large 

numbers of students into smaller sub-groups, some as small as ten learners, and provided 

them with specific tasks similar to Pope's (Rovai, 2002). Wenger calls the construction of 

these online "communities of practice" one of the largest challenges for education in the 

21st century" (in Haggard, 2013). 

 These sporadic successes at structuring social interactions online all point to the 

need to generate stronger pedagogical models for online learning. Hopper underscored 

this challenge when he argued that, "Internet teaching is so different from any of the 

categories of distance learning that preceded it that it is essentially a practice without a 

research foundation" (2001, p. 38). Researchers argue that online pedagogy requires more 

than the adaptation of F2F coursework to the web (Diaz & Bontenbal, 2001; Serwatka, 

2005). In particular it requires a specialized knowledge of both F2F pedagogy and online 

technology with a distinct ability to structure online social interactions around content 

between students (Kurtz, Beaudoin, & Sagee, 2004; Olson & Wisher, 2002; Russell, 

2004; Savery, 2005). And yet we often find online pedagogy drawing on the traditions of 
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our oldest F2F classrooms with assigned readings, instructor lectures, and quiz-based 

assessments (DiPietro et al., 2008; Engelbrecht & Harding, 2005a; Trenholm, 2007). 

 A reader would be correct to think there are more open lines of inquiry in online 

education than closed ones. The field of online learning is young and many academics 

lament the dearth of available research. "Unfortunately, while virtual schooling at the K-

12 level has grown in popularity," write Cavanaugh, Barbour, and Clark, "research-based 

investigations into the teaching and learning process in this medium and at this level are 

still lacking" (2009, p. 10). DiPietro, Ferdig, Black, and Preston characterized the 

existing research as "largely based upon personal experiences of those involved in the 

practice of virtual schooling" and largely confined to "unpublished masters' theses and 

doctoral dissertations" (2008, p. 2). 

 

Online Education in Mathematics, Specifically 

 

It is difficult to make categorical declarations about "online education." My review of 

online education literature leads me to believe there is as much variation within instances 

of online education as between online and F2F learning. That is, if a study concluded next 

year that "online education students outperform F2F students by wide margins," we 

would be foolish to then sign up for any random online education class. Instead, we 

would dive quickly into the particulars of that successful online education experience. 

Because of this variability and because researchers have identified interactive effects of 

technology, pedagogy, and content, I am choosing to focus on online mathematics 

education. 
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 Unique Difficulties Learning Mathematics Online 

 

 Given the slender research foundation for online pedagogy, it is unsurprising that 

the foundation for online pedagogy in math courses is even thinner. In the few analyses I 

found, researchers reported that: 

 

• The notation of online mathematics is uniquely difficult. Writing a paragraph for 

an online composition course is a technologically straightforward exercise in 

typing but writing formulas or sketching graphs in the same medium is relatively 

difficult (Engelbrecht & Harding, 2005a; G. G. Smith, Ferguson, & Caris, 2003; 

Stahl, 2006). 

• Social interactions between learners are equally important in online mathematics 

instruction as in other disciplines but they cannot be generalized from those other 

disciplines (DiPietro et al., 2008; Engelbrecht & Harding, 2005b; Oliver, Kellogg, 

& Patel, 2010). Online mathematics requires its own designs for those social 

interactions. It cannot simply borrow them. 

• In Chapter 3, I will describe the status quo in online mathematics education and 

illustrate the constraints it imposes on the kinds of mathematical work and, 

consequently, the kinds of mathematical thinking assigned to students. 

 

 Engelbrecht and Harding summarize the task for the math education research 

community when they write, "the lack of research in this field will probably not prevent 



Chapter 2: Literature Review 
 

 

17 

the use of the Internet in teaching mathematics and the research may rather reflect on 

practice than drive the practice" (Engelbrecht & Harding, 2005b, p. 268). The demand for 

online courses exists and will be served with or without the math education research 

community's involvement. We cannot wait for an invitation. We must involve ourselves 

in the project of online math education to the greatest extent possible. 

 

The Language of Functions and Graphs, Even More Specifically 

 

The category "online mathematics education" seems only marginally more tractable 

than the category "online education." Researchers of F2F mathematics have long 

understood that different pedagogical knowledge is required for teaching different 

mathematical knowledge (D. Ball & McDiarmid, 1990; Grossman, Wilson, & Shulman, 

1989; Shulman, 1986; 1987). For the sake of developing such a pedagogical model, I am 

narrowing the scope of my analysis even further to a particular content objective within 

mathematics education: the acquisition of mathematical language of functions and 

graphs. I am choosing that focus for several reasons. 

 First, I am choosing the specific domain of "functions and graphs" because that 

domain represents an evolutionary leap from primary to advanced mathematics study. 

Where students once solved for a variable in equations like 2x + 3 = 5, now they must 

consider the possibility that x could be any value and consider the function f(x) = 2x + 3 

instead. In early mathematics, student often represent their answers in numerical form, 

now students represent their answers in graphical form, revealing a vast new verbal 

territory. As students attend to functions and graphs for the first time, they need to know 
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how new words (like "intercept," "maximum," "minimum," "increasing," and 

"decreasing") and constructs (like the ordered pair) fit into the "mathematical register" 

(Halliday, 1978) and how to use them. 

 Second, though mathematics is popularly regarded as the least language-

dependent of the core disciplines taught in grades K-12 (Schleppegrell, 2007), in recent 

decades, governments (DfEE, 1999), professional organizations (NCTM, 1989; 2000), 

and researchers (Boaler, 1997; Burton, 1999; Forman, 1996; Forman & van Oers, 1998; 

Monaghan, 1999; L. B. Resnick, Levine, & Teasley, 1991; Sfard, 2000; Sfard & Kieran, 

2001; Steffe & Gale, 1995; Stephens, Waywood, Clarke, & Izard, 1993) have articulated 

the co-dependence of mathematical concept development with the development of 

mathematical language. Students who struggle to learn the language of mathematics often 

struggle to learn mathematics itself. 

 Third, the language of mathematics and specifically the precise use of the 

language of mathematics have attracted a great deal of interest from groups of teachers 

and policymakers alike. The Common Core State Standards, which have been adopted by 

43 states in the US as of this writing (Common Core State Standards Initiative, 2015), 

claim that "mathematically proficient students try to communicate precisely with others" 

and "use clear definitions in discussion with others" (CCSSI, 2010, p. 7). In earlier years, 

the National Council of Teachers of Mathematics included "Communication" as one of 

its five process standards for K-12 mathematics (NCTM, 2000) while the UK 

Government's Department for Education and Employment issued a 36-page booklet 

outlining the vocabulary students should know for each age group and how teachers 

should help them come to know it (DfEE, 1999). These different professional and 
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governmental bodies all admit the importance of mathematical language, they approach 

its development from varied perspectives. Designing an online intervention around the 

language of mathematics requires that we understand those perspectives, their theoretical 

assets and liabilities, and then how to export the best of them online. 

  

 Definitions 

 

 Definitions are just one facet of mathematical language, though a facet that 

reflects the popular conception of language in math class most clearly. People who recall  

their use of language in school mathematics are likely to recall transcribing lists of words 

and their definitions at the beginning of a chapter and submitting to recall-based 

assessments at the end. (In Chapter 3 I will examine current treatments of mathematical 

language in online education.) This instructional sequence contrasts sharply against the 

recommendations of mathematics education researchers and the practices of research 

mathematicians. 

 Morgan describes definitions as having a privileged place in the practice of 

research mathematics. Whereas we allow ourselves some flexibility in other disciplines to 

define words in nearly but not exactly the same way, in formal mathematics, definitions 

are an integral part of an axiomatic system. Historically, mathematical definitions have 

been altered only over the course of centuries (as with the changing definition of the term 

"function") and with great consequence. Borasi, a researcher who studies both university 

and school mathematics, defined the elements of a mathematical definition to be a) 

"precise terminology", b) "isolation of the concept" (eg. the definition should accept all 
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instances of the concept and reject all non-instances), c) "essentiality" (eg. the definition 

should use necessary terminology only), d) "non-contradiction" (eg. the definition's 

propositions should all co-exist without contradiction), and e) "non-circularity" (eg. the 

definition should not refer to itself) (1992). In other disciplines and in other 

conversations, we may allow ourselves (and even encourage) certain approximations of 

definitions – metaphor and simile for instance. Such approximations are foreign to formal 

mathematics research. The word and its definition must stand precisely for themselves. 

 

 Defining The Mathematical Register 

 

 But definitions do not define the entirety of mathematical language. They are a 

narrow but important subset of what MK Halliday (1978) termed the "mathematical 

register," a linguistic and semiotic system that includes words, but also pictures, symbols, 

and numbers, all used in ways that are particular to mathematics. Indeed, the 

mathematical register functions poorly in the world of everyday life and vice versa. 

Researchers attribute much of students' early difficulty learning mathematics to this 

conflict (Barwell, 2003; 2005; Bullock, 1994; Ferrari, 2004; Schleppegrell:2007er 

Moschkovich, 2003; Pierce & Fontaine, 2009; Radatz, 1979). Words like "even," "right," 

"whole," and "point," possess different meanings depending on the location of their use, 

and those different meanings may impede a student's conceptual development. Ball found 

that this conflict between the two registers persisted even with preservice mathematics 

teachers who confused their colloquial understanding of terms like "divide" and 

"fraction" with the mathematical meaning of those same terms (1990). 
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 This confusion between the formal and everyday definitions of words can impair 

a student's conceptual understanding of mathematics. This impairment is predicted both 

by the Vygotskian perspective that language and thought are inseparable (1986) but also 

by the practical perspective that students will have trouble understanding what their 

teachers are saying if both of them are not using the same register. This is an issue of 

particular concern for language learners, which constitute an increasing percentage of the 

student body in many school districts (Kena et al., 2014). 

 

 Developing the Mathematical Register 

 

 Researchers have determined several recommendations for the development of a 

student's mathematical register, which I will attempt to integrate into online education. 

 First, teachers should use and assimilate the informal language students bring to 

the classroom from their everyday life (Kaiser, 2000; Kotsopoulos, 2007; Lemke, 2003; 

Veel, 1999) and proceed deliberately to formal and symbolic language (Barwell, Leung, 

Morgan, & Street, 2005; Morgan, 2005; Pimm, 1987). The linguist Veel (1999) describes 

"the hierarchies of technicality" that comprise mathematical language, ranging from the 

informal to the formal, where height is first "how far off the ground something is" before 

it acquires the abstract, technical meaning we find in the formula "volume = width x 

length x height" (p. 199). Veel argues that teachers should move nimbly between these 

levels of technicality. These informal definitions are ideally a resource for teachers to 

which they can help students apply more and more precision. "Yes, one example of 

height is how tall someone is," the teacher can say to the student who brings in the 
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colloquial definition of height into the classroom. In the event that a student brings in a 

colloquial understanding of a mathematical concept that conflicts with its formal concept, 

the teacher should try to elicit and repair that informal concept rather than simply 

papering over the conflict, even though the latter is often easier than the former 

(Markovits & Sowder, 1994). 

 The language of functions and graphs may require domain-specific vocabulary, 

but Moschovich found that students struggle with that vocabulary in general ways (1996). 

As in the broader domain of the mathematical register, Moschkovich observed students 

describe functions and graphs using colloquial expressions that alternately impeded and 

energized mathematical communication. Whereas a mathematician might describe the 

transformation of one line into another using precise language like "vertical shift" and 

"increased slope," the students in Moschkovich's study used colloquial expressions such 

as "moving up" and "getting steeper." In two of her three case studies, the students 

persisted in negotiating a shared meaning of those terms. In the third, the students shifted 

from one colloquialism to another without arriving at any shared meaning. As in the 

general recommendations for teaching language, Moschkovich argues that teachers 

should elicit and refine these informal expressions, drawing them from "conversational 

cycles of elaboration and clarification" (p. 275). 

 Second, researchers recommend that students experience the utility of those 

formal concepts in the same way that mathematicians have experienced it throughout the 

centuries (Bullock, 1994; Ferrari, 2004; Freudenthal, 1981; Harel, 2013; Morgan, 2005; 

Pimm, 1987; Schleppegrell, 2007; Veel, 1999; Zazkis, 2000). For example, we may 

represent the path of a baseball informally with the sentence "it appears to go up, then 
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reach a top point, and then hit the ground again." The formal algebraic representation of 

that path – y(t) = -4.9t2 + 10t + 5 – is much more challenging to construct, communicate, 

and use. But it is also much more useful. It encodes initial heights and velocities and 

permits us to calculate the baseball's exact duration in the air. These researchers 

recommend teachers teach these relatively complicated formalisms only alongside an 

appreciation of their power. 

 Harel's theory of intellectual need provides a helpful conceptual framing for 

pedagogy that is focused on the utility of learning (Harel, 2013). Harel's theory of need 

inherits Piaget's theories of cognitive disequilibrium and localizes them in the 

mathematics classroom. It is useful, Harel writes, "for individuals to experience 

intellectual perturbations that are similar to those that resulted in the discovery of new 

knowledge." I take the perspective that a teacher must decide how to explain 

mathematical concepts, yes. They must decide which examples to use, the order of those 

examples, and the misconceptions that may arise. But the more crucial teaching task is to 

decide when to explain, and under which preconditions. The foremost question for the 

Harelian curriculum designer, then, is "what is the need for this concept I want to teach?" 

An academic might reformulate the question as, "How do I induce in the learner a sense 

of cognitive disequilibrium this concept can then resolve?" Meanwhile, a teacher might 

reframe the question as, "If this concept is aspirin, then how do I create a headache?"  

 Harel argues that technical mathematical language arose from a "need for 

communication" (Harel, 2013), that our need to formulate and formalize concepts made 

the development of technical language necessary. We experience this need in our 

everyday lives when we have a precise mental image of a concept – what Tall and Vinner 
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call a "concept images" in mathematics (1981) – but lack the language to express it to 

another. "What's the word ... ?" we might ask our conversational partner and then feel a 

sense of relief when we recall the word ourselves or our partner suggests it. 

 Lemke, a semiotician, argues that "the mathematics curriculum and education for 

mathematics teaching needs to give students and teachers much greater insight into the 

historical contexts and intellectual development of mathematical meanings, as well as the 

intimate practical connections of mathematics with natural language and visual 

representation" (Lemke, 2003, p. 3). We would like students to understand why we ask 

them to speak in this formal language and how those ways of speaking fit into the history 

of mathematics. Lemke's semiotician's perspective and Harel's theory of need suggest that 

students should first experience a disequilibrium from not knowing how to wield precise 

and formal language before we teach them that language. Other researchers concur but 

acknowledge the difficulty of developing such activities for students (Pimm, 1987; Veel, 

1999). It is comparably easy to ask students to write down and memorize lists of 

vocabulary, though this may result in students who are "fluently ignorant," full of words 

without the ability to say anything comprehensible (Bullock, 1994). Harel writes that "... 

detailed methodologies, together with suitable pedagogical strategies, for dealing with 

this question [of creating need for new learning] are yet to be devised (2008). 

 Finally, these researchers argue that we should evaluate student language on what 

students do with it more than how much of it they can recall (Barwell, 2003; 2005; 

Barwell et al., 2005; Bullock, 1994; Lemke, 2003; Pimm, 1987; Veel, 1999). Here I take 

Vygotsky's perspective that language is not merely a verbal container for thought but that 

it is thought itself (Vygotsky, 1962). According to the Vygotskian view, public speaking 
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is not merely the recitation of private thought. One changes the other dynamically. 

Teachers would like to see students adopt private speech, as it is the prerequisite of 

higher-order thought and focused problem solving. But the requisite of private speech is 

public speech. Before students can speak to themselves privately and internally, they 

must speak to themselves publicly and aloud, slowly and deliberately developing 

coherence. I argue that it is not common to find students communicating publicly using 

mathematical language. It is more common to find students accelerated directly to private 

speech, to worksheets and examinations assessing language recall. Or if students use 

mathematical language, it is often in brief exchanges with teachers centered on the recall 

of procedures or definitions. 

 Lemke argues that "mathematics is about what real people do when using 

mathematical language" (2003, p. 3). We should then evaluate students based on the 

artifacts that emerge from practicing that language. The assessment of language 

(mathematical or otherwise) requires that we look for its evidence in communication. The 

development of those assessments and activities is a challenge for curriculum designers 

and mathematics education researchers to take up in concert. 

 In Chapter Four, I will describe the design of one such activity and contrast it 

against the landscape of traditional instruction in the language of functions and graphs. 
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 In the last chapter, I summarized existing research on online mathematics education 

and mathematical language fluency. These bodies of research point towards the need for 

new models for online mathematics education that integrate the strongest findings from 

both fields. I have two goals then for this chapter and the next. First, I will offer a review 

of traditional instruction in the language of functions and graphs. Then, in Chapter Four, I 

will develop a contrasting activity for the learning of the language of functions and 

graphs in an online environment, one that satisfies the recommendations of researchers in 

online education and math education. In the following chapter, I will design a study to 

test their differential outcomes for student learning. 

 Obviously, no single definition of "traditional online mathematical language 

instruction" exists and no product is ever eager to advertise itself as "traditional." I will 

therefore construct a definition of the "traditional." I will construct it using sources local 

to the participants of my proposed study as well as sources of online mathematics 

education that are globally popular. By the end of this chapter, I hope to have defined 

"traditional online language instruction" to the satisfaction of its advocates, though they 

may still object to the label. 

 I am looking to three sources for my definition of traditional online mathematical 

language instruction. 

 My first source is SpringBoard Course 3 (Allwood, 2014), an offline source. It is a 

print-based textbook and its value to my study is therefore limited, though not null. It is 

the adopted curriculum of my study participants' school district so it will help us 

understand the kind of mathematical language instruction to which my participants are 

accustomed. 
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 The second source comes from Apple's iBook Store, an online storefront where 

people can purchase books to read on Apple devices, including desktop, laptop, and tablet 

computers. As curriculum publishers consider translating their print materials for digital 

delivery, they must either develop their own distribution software or distribute their 

curriculum through software designed by a third party, often under a profit-sharing 

agreement. Apple's iBook Store is one such intermediary. According to its director, Keith 

Moerer, one billion of its books have been downloaded globally and it adds one million 

customers each week (Nawotka, 2015). I am examining two Algebra 1 textbooks 

published on its platform, one published by Pearson and the other by McGraw-Hill, two 

of three largest education publishing companies in the United States (Resnick, 2014). 

This isn't an obscure source, in other words. I am surveying widely purchased curriculum 

delivered on widely purchased devices. 

 My third source is Khan Academy, an online education website featuring lecture 

videos and practice exercises covering K-12 mathematics with similar offerings in other 

content areas. Whereas the two textbooks I'll review from the iBook Store were initially 

developed as print textbooks and then adapted for online use, Khan Academy was 

founded on the Internet and it is used by millions of students every month (Noer, 2012). 

While many of Khan Academy's features are quite innovative, I argue that its 

mathematical language instruction is traditional, and typical of online mathematics in 

general. 

 In my analysis of each source, I will examine a) the stated purpose of its language 

instruction and also b) the work students do with that instruction. In other words, I will 
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consider the questions "Why does this source think students should learn the language of 

functions and graphs?" and also "What work do students do with that language?" 

 

Springboard 

 

 Springboard's Course 3 (Allwood, 2014) is intended for students in eighth grade 

math. In its front matter, it addresses a letter to students in which it describes successful 

general strategies for learning mathematics. After "Problem Solving" and "Reasoning and 

Justification," it describes a purpose for "Communication": 

 

When learning a language, saying words out loud helps you learn to pronounce the 

words and to remember them. Communicating about mathematics, orally and in 

writing, with your classmates and teachers helps you organize your learning and 

explain mathematics concepts and problem-solving strategies more precisely. Sharing 

your ideas and thoughts allows you and your classmates to build on each other's ideas 

and expand your own understanding (pp. xii-xiii). 

 

 These organizing principles don't reflect every recommendation of the research I 

reviewed in Chapter 2, but they reflect many of them. The authors describe a thin 

membrane between language and thought, one which Vygotsky might approve of. The 

purpose of communication, implicitly, is to develop thought and vice versa. In their 

emphasis on precision in communication, the authors also echo Harel's theory of 

intellectual need (2013). According to the preface, we learn new words not just to 
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complete mathematical exercises but also to communicate precisely and organize our 

learning. 

 But as we look beyond the preface to our specific chapter on "Functions" (p. 355), 

that purpose of learning mathematical language starts to degrade significantly. In this 

chapter, and every chapter, the textbook begins with a list of "Key Terms." In this 

chapter, the list includes terms like "ordered pair," "domain," and "range." The authors 

describe the purpose of those key terms: 

 

As you study this unit, add these and other terms to your math notebook. Include in 

your notes your prior knowledge of each word, as well as your experiences in using 

the word in different mathematical examples. If needed, ask for help in pronouncing 

new words and add information on pronunciation to your math notebook. It is 

important that you learn new terms and use them correctly in your class discussions 

and your problem solutions (Allwood, 2014, p. 355). 

  

 The purpose for learning these "key terms" has become generic. Every chapter 

contains the same rational for learning new vocabulary – even for terms as disparate as 

"ordered pair" (p. 355) and "exponent" (p. 1). That purpose is so a student can "use them 

correctly in your class discussions and your problem solutions." This purpose ignores the 

different communicative purposes for different aspects of the mathematical register and 

disregards their specific intellectual need. For example, we use terms like "exponent" to 

denote a particular mathematical operation. "Ordered pairs," meanwhile, are used for a 

rather different purpose – to describe locations on a coordinate plane precisely to other 
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people. Yes, both terms might be useful in class discussions and problem solutions, as the 

textbook claims, but that prescription leaves students no better informed about their 

specific purposes. It is as if we told children that the purpose of knives, forks, spoons, and 

cups was "eating" and elaborated no further on their specific uses. 

 In my examination of three sources, I found two consistent faults. First, the purpose 

of learning mathematical language is asserted, rather than problematized (Harel, 2013). 

Second, the work of that language isn't rooted in its need, it is rooted in recall. I will 

elaborate both of these failings before locating them in our other two sources and then 

proposing an activity in the next chapter to counteract them. 

 Whether or not Springboard proposes a specific, generic, or even accurate purpose 

for learning ordered pairs is external to the fact that Springboard simply asserts that 

purpose. Springboard describes that purpose in the front matter of the textbook and in the 

preface to its chapter. Problematizing that purpose, per Harel (2013), requires the design 

of activities that put students in a position to experience that need first-hand, to 

experience, in the case of "ordered pairs," how hard it is to describe precise locations on a 

coordinate plane without them. 

 Note Springboard's definition of "ordered pairs": 

 

An ordered pair is two numbers written in a certain order. Most often, the term 

ordered pair will refer to the x and y coordinates of a point on the coordinate plane 

which are always written (x, y). The term can also refer to any values paired together 

according to a specific order (p. 357). 
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 The specifics of this definition aren't objectionable. But the definition is asserted 

rather than problematized. The definition presents itself as statements to be memorized 

and conceals the problematic situation it was intended to resolve. For example, the fact 

that we refer to the x and y coordinates of a point as (x,y) rather than (y,x) is rooted in a 

need for convention in communication. If every mathematician decided ad hoc whether 

to write a point's horizontal distance from the origin before its vertical distance or vice 

versa, entire branches of mathematics would cease to exist, lost in a cacophony of 

confused requests for clarification. 

 Springboard's approach – which I claim represents "tradition" – is to assert that we 

write (x,y) and not (y, x). A problematic approach requires us to put students in a position 

to experience that confused cacophony, if only for a moment, before we instruct them 

and inform them of this mathematical convention. 

 Setting aside Springboard's assertive approach to mathematical definitions, it is 

also troubling that the work students do with ordered pairs later in the chapter fails to 

reflect the their purpose. (Communicating precise locations with one another on a 

coordinate plane.) In Springboard, and in the other sources I analyzed, students are asked 

to recall the definition of an ordered pair, not for the purpose of interpersonal 

communication, but for recall exercises. Problems 10 and 11 are representative of that 

work (p. 361; see Figure 3.1). 
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Figure 3.1. Standard exercises in Springboard asking students to recall the definition of 

an ordered pair. 

 

 

iBook Store 

 

 The two Algebra 1 textbooks I purchased from the iBook Store lacked even 

Springboard's introductory statement of purpose for communication. Both textbooks 

began graphing chapters with a list of new vocabulary similar to Springboard - "ordered 

pair" from McGraw-Hill (Carter et al, 2013); "origin" from Pearson (Charles et al., 2012). 

The purpose for learning that vocabulary is again asserted, rather than problematized, to 

"represent relations" and "interpret graphs of relations" (p. 181). 
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 Later exercises mirror Springboard's. Students don't communicate location to other 

people using ordered pairs. Instead, they recall and apply the definitions to recall-based 

practice problems (p. 191). 

 

 

Figure 3.2. Standard exercises in McGraw-Hill asking students to recall the definition of 

an ordered pair. 

 

 The Pearson text differs only by degrees. Its introductory word list asserts an 

objective for terms like "y-intercept" – "To write linear equations using slope-intercept 

form" (Charles et al., 2012, p. 714). It then cites an "Essential Understanding" – "You can 

use the slope and y-intercept of a line to write and graph an equation of the line." Two 

pages later, the authors state the definition: "A y-intercept of a graph is the y-coordinate 

of a point where the graph crosses the y-axis" (p. 716). Practice problems follow, each of 

which fails to exploit the power of these words for communicating location precisely to 

other people. An example from p. 724: 
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Figure 3.3. Standard exercises in Pearson asking students to recall the definition of a y-

intercept. 

 

 These words are useful for communication and a computer is a device that 

facilitates communication with incredible speed and range. Yet the curriculum does not 

use the words or the device for their intended purposes. It does not ask that students 

communicate. This lack of communication may owe in some part to the limits of the 

iBooks delivery platform. The iBook platform doesn't include any kind of student-to-

student communication function. The iBook functions much like a paper book, in this 

way. The major advance in language instruction from the print to digital medium offered 

by the iBook platform is a glossary that allows students to click on words and jump 

straight to their location in the textbook, to their definition in a dictionary, or to their 

synonyms in a thesaurus. All the words in the glossary assemble themselves 

automatically into digital flash cards, which are sorted, flipped, and used in exactly the 

same manner as their paper cousins. 
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Figure 3.4. Electronic flash cards that bear a strong resemblance to paper flash cards. 

 

Khan Academy 

 

 Springboard was limited by its print medium and the textbooks from the iBook 

Store were derivations of print media products, but Khan Academy has been built 

natively for the digital medium. Khan Academy comprises over 3,000 expository lecture 

videos covering an wide array of topics across K-12 education and beyond, along with an 

equally large set of practice exercises and assessments. According to a 2012 article in 

Forbes, in the previous two years, Khan Academy lecture videos had been viewed over 

200 million times by 6 million unique students each month (Noer, 2012). Given these 

recommendations and Khan Academy's freedom to design instruction without respect to 

any previous print foundation, we would expect an innovative approach. So how is the 

purpose of language instruction expressed? What kind of work do students do with that 

instruction? 
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 The primary difference between Khan Academy and my previous sources is that its 

exposition is video-based rather than text-based. Students watch a video lecture of 

Salman Khan, the Khan Academy founder, talking about concepts and procedures rather 

than reading the same. In one video lecture called "The Coordinate Plane," Khan says, 

"What we're going to do in this video is through a bunch of examples familiarize 

ourselves with the x-y coordinate plane. First we're going to just look at some points that 

are already plotted and figure out their coordinates. Then we're going to look at some 

coordinates and figure out where those points are" (2010). In the case of Khan Academy, 

the purpose for learning ordered pairs isn't problematized or even asserted. It is assumed. 

Khan Academy assumes that students already understand the rationale for learning 

mathematical language. That assumption may be correct for many students. But Khan 

Academy has no supplement to offer students who don't come to the classroom pre-

possessed by those motivations. 

 Because Khan Academy doesn't even hint at the need for communication, we 

wouldn't expect its exercises suddenly to ask students to communicate. And so we find 

exercises that ask students to place points in exactly the same way we just saw Salman 

Khan place them in his video. 
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Figure 3.5. A standard exercise in Khan Academy asking students to recall the definition 

of an ordered pair. 

 

 Khan Academy has taken advantage of its digital foundation in two ways, though 

neither involves communication, students can ask for an instant check on their answers, 

finding out quickly if they graphed the ordered pair accurately. Second, if they weren't 

able to graph the assigned coordinate correctly, they can request "hints" and watch Khan 

Academy work out the problem for them in steps. Again, I experienced the dissonance of 

learning words for communicating with people on a device built for communicating with 

people, all without communicating with people. 

 This is by no means an exhaustive summary of a student's traditional experience of 

online mathematical language instruction. Tradition varies widely. But I have attempted 

to study widely used sources and have found that they differ only marginally from one 
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another and from their print predecessors. Their treatment of mathematical language is 

largely uniform. 

 

• Traditional teaching asserts the purpose of mathematical language rather than 

problematizing it. 

• The work students do with that language isn't rooted in its need, rather in its 

recall. 

 

 Additionally, we know from Carlson, et al., that students understand functions and 

graphs at a number of informal levels (Carlson, Jacobs, Coe, Larsen, & Hsu, 2002). And 

yet: 

 

• Traditional sources assign work to student as though they either understand the 

language of functions and graphs a) perfectly or b) not at all. 

 

 The student who tries to write an ordered pair with only one number and the student 

who forgets to include parentheses around her ordered pair might benefit from very 

different work, but these traditional sources don't admit or attempt to work with those 

informal understandings of ordered pairs. 

 If I have chosen my sources fairly and critiqued them honestly, their champions at 

this point likely wonder what viable alternative I would propose. In the conclusion of my 

second chapter, I summarized findings from researchers of online education and 

mathematics language and stated my intent to draw those disparate recommendations 
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together into an online intervention. I call that intervention "Functionary." Functionary 

isn't an inevitable outcome of those research bodies. A different designer might read the 

same literature and design a different online intervention. Therefore, in the next chapter, I 

intend to document Functionary's creation and iteration and specify my rationale for 

turning these research findings into this particular online intervention. Additionally, I 

intend to demonstrate that Functionary resolves the two failings of traditional 

mathematics language instruction. Functionary will problematize the need for 

mathematical language and the work of Functionary will ask students to satisfy that need, 

to communicate interpersonally and precisely about graphs. 
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Chapter 4: Developing Functionary 
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 Functionary is an online intervention into a student's learning of the language of 

functions and graphs. Its premise is that a) we should problematize the purpose of 

learning that language and b) the work students do with that language should reflect its 

purpose in precise communication. Therefore Functionary asks students to describe 

mathematical objects before it teaches them the language mathematicians have developed 

to assist that kind of work. The traditional sources I analyzed in chapter three inverted 

that order, teaching students the language before asking them to use it, and the uses were 

based in recall, not in communication.  

 I will summarize below the research findings I am integrating into this online 

intervention and illustrate the results of that integration. I re-iterate again that these 

research findings could instantiate themselves as an intervention in hundreds of ways. 

Functionary is only one and, in point of fact, the instantiation I study here was the fourth 

iteration of Functionary. After I summarize the current iteration I will briefly review the 

previous three and my rationale for altering them. 

 

Students should communicate about graphs. 

 

 As we saw in my description of the status quo, current online curricula ask 

students to use the language of functions and graphs for the completion of recall 

exercises, not for the purpose of communicating precisely. Meanwhile, in my literature 

review, researchers consistently recommended students use language in the course of 

learning it (Barwell, 2003; 2005; Barwell et al., 2005; Bullock, 1994; Lemke, 2003; 
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Pimm, 1987; Veel, 1999). Moreover, from the field of online education, Ali 

recommended constructing social environment around learning (2009). 

 From these findings, I decided to pair up students as they entered the Functionary 

website. I will then present one member of the pair with a function graph and ask that 

student to "Describe this graph so your partner can recreate it perfectly."  

 

 

Figure 4.1. Functionary's initial describing turn. 

 

Language instruction should draw upon and formalize a student's 

informal language. 

 

 While the textbooks I reviewed asked students to use formal vocabulary 

immediately, without any respect to any informal method of communication they might 

have, I took my cues from researchers who recommend we start with a student's informal, 

imprecise language and use it as a foundation for the development of formal, precise 
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language (Kaiser, 2000; Kotsopoulos, 2007; Lemke, 2003; Veel, 1999), delaying formal 

vocabulary instruction. In this initial "describing" turn, students have only their prior 

knowledge to assist them. Functionary does not instruct them in formal vocabulary yet. It 

does not instruct students to use mathematical terms in their description. There are many 

informal ways to describe a function graph and Functionary attempts to elicit rather than 

overwrite them. 

 The describing student then submits her description to the Functionary website. (I 

am using gendered descriptions here for organization only.) 

 There are many forms of feedback Functionary could offer at this moment. It 

could search her description for the presence of certain vocabulary words and assign it a 

numerical grade. It could ask her partner to assign a letter grade to the description or 

score it in some other way. But researchers have identified as counterproductive a) 

feedback that is numerical (Butler, 1987) and b) feedback that directs the recipient's 

attention at herself (where it is susceptible to interference from the ego) than at the task at 

hand (Hattie & Timperley, 2007). 

 "Recursive feedback" was proposed in response to these harmful forms of 

feedback. As described by Schwartz and Okita (2013) recursive feedback asks the student 

to create an artifact with her learning and pass that artifact off to an agent for some kind 

of action. The student assesses her understanding based on the agent's action, not based 

on a numerical score from an external authority. For example, the programmer (the 

student) sends her code (the artifact) off to a compiler (the agent). The programmer 

observes the result and understands how well she understands the programming language. 
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Recursive feedback directs a student's attention at the task, not the self, and has been 

found to be a productive form of feedback (Okita & Schwartz, 2013). 

 I would like to offer the describing student recursive feedback here so I will ask 

the describing student's partner (the agent) to take the description (the artifact) and draw 

it (the action). The describing student may then take up that drawing as feedback on her 

description. 

 

 

Figure 4.2. Functionary's initial describing turn. 

 

 Functionary increases the amount of useful, recursive feedback sent back to the 

describing student in several ways (see Figure 4.3). 

 

a. It shows the describing student her partner's drawing in real-time, as he draws it. 

She will see the entire drawing process, including its starts and stops, information 

which may implicate parts of her description as imprecise 
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b. It asks the drawing student to click words in his partner's description that he found 

confusing. 

c. It provides a numerical measurement of the closeness of fit of the drawn graph to 

the target graph, derived from the distance between points on the drawn graph 

relative to the same points on the target graph.. 

 

 

Figure 4.3. Recursive feedback in Functionary. 

 

 A traditional assessment item might end here. The student performed a task and 

the student received feedback on the task. That is the length of the assessment cycle in 

Khan Academy and in the iBook Store's textbooks. You select or enter your answer and 

then find out if you were right or wrong. But cycles of interpersonal communication 

aren't often so short. Partners in communication may take several turns in order to 

establish some shared knowledge. One partner may signal his understanding of his 

partner's point with a head nod or signal his lack of understanding with a raised eyebrow. 
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In that latter case, the first partner may then attempt to reformulate her point, sending the 

conversation into another round of turn taking. 

 In Functionary, the drawing partner's graph may function as that head nod or 

raised eyebrow, a signal that the two partners reached or didn't reach a shared 

understanding of the target graph. The partner's graph may even provide feedback 

pointing to specific misunderstandings. If the drawn graph differs from the target graph in 

systematic ways – eg. if the endpoints of the target graph are reflected across an axis; if 

the entire graph is shifted one unit upwards or downwards from the target – the 

describing partner may be able to devise a useful response. The describing partner may 

even recognize that her drawing partner drew a correct graph of what was, in hindsight, 

an incorrect description. 

 In these outcomes (and others) I believe both partners will welcome the 

opportunity to re-describe and re-draw the target graph, experiencing what Moschkovich 

called "conversational cycles of elaboration and clarification" (Moschkovich, 1996, p. 

275) or what Schwartz and Okita's feedback model calls "recursion" (Okita & Schwartz, 

2013). So the describing student takes all of this feedback and crafts a response. This 

response may explicitly take up her partner's feedback, clarifying words he found 

confusing ("What I meant was ... "), validating correctly drawn intervals of the graph 

("You did okay on the right side of the graph ... "), or critiquing incorrectly drawn 

intervals ("... but the left part should be higher ..."). Alternately the student might rewrite 

the description without much regard to her partner's graph. In any case, the cycle of 

describing and drawing repeats once more, ideally resulting in a drawn graph that more 

closely matches the target graph than it did after their first turns. 
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 This cycle of two turns constitutes one round of play. 

 

 Round 1 

Partner 1 Describe Describe 

Partner 2 Draw Draw 

Table 4.1. Functionary's first round of play. 

 

 The acts of describing a graph and interpreting that description are different in 

both function and form, so I will then ask the partners to then switch roles. He will 

describe and she will graph his description. They will play a round in these roles. 

 Round 1 Round 2 

Partner 1 Describe Describe Draw Draw 

Partner 2 Draw Draw Describe Describe 

 

Table 4.2. Functionary's first two rounds of play. 

 

 Thus far I have attempted to create a socially integrative online environment in 

which students communicate socially using informal language. (Later, I will describe 

some of the online environments I could have created from the same constraints and 

explain why I didn't.) A final goal of the environment I have created is that both partners 

will experience a moment of cognitive disequilibrium at some point in the first two 

rounds. Ideally that disequilibrium will center around the intellectual need for 

communication (Harel, 2013), a sense that "my current vocabulary is failing me here. I'd 

like to know more." My hypothesis is that both students will feel very little need during 

their first graph descriptions. I suspect those students will overestimate the level of 

precision of their first descriptions, if for no other reason because it is much easier to see 
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through our own perspective than through another's. I imagine the describers will find it 

difficult to imagine their descriptions from the perspective of someone who can't see the 

target graph. In that event, the describers may only experience a need for stronger 

communication skills when they receive their partner's drawing of that description. "How 

could they have thought that?" they will ideally think, "Was it something I said?" 

 Therefore, only after the second round, I will intervene with a lecture about 

mathematical language. Whereas the language interventions in the traditional sources 

were assertive and occurred before student work. Functionary's intervention occurs in the 

middle of student work and attempts to first problematize the curriculum. The student 

work has ideally problematized communication sufficiently but this isn't necessarily the 

case. During early Functionary pilots (which I will expand on below) I noticed describing 

students react to their drawing partners' graphs with frustration. However, their 

frustration didn't seem directed towards their own limited communication skills, as I had 

hoped. Instead, they seemed frustrated with their partners' inability to read and draw. 

Even though their descriptions featured all manner of imprecision and error, these pilot 

students figured their partners were the ones to blame. So in Functionary's language 

intervention, I took a certain imprecision I saw repeatedly and built the instruction around 

it. 

 In that piloting I saw students describe precise locations on the two-dimensional 

coordinate plane using only one number, either describing its vertical or horizontal 

location but not both. I also noticed students directing their partners' graphs without 

explicitly stating the origin of those directions. 
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 So in Functionary's need-based language intervention, I gave students the 

description "The dot that is four from the line," a line that incorporates both forms of 

imprecision. I showed students a graph with four points, each of which could plausibly 

represent that description. 

 I asked students to click on the point they thought the describer intended. Then I 

showed a graph of the class' responses to those questions. Because students will reach 

this screen at different times, the graph is completely fabricated, but it is fabricated so 

that the student sees that the class is uncertain. 

 

 
Figure 4.4 Problematized language instruction in Functionary. 

 

 As the intervention continues, I clarify and disambiguate the description: 

 

• "The dot that is four from the center." 

• "The dot that is left four from the center." 

• "The dot that is left four from the center and then go two." 
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• "The dot that is left four from the center and then go up two." 

 

 And each time the description is clarified, the student sees that the class is growing 

more and more certain about the location of the point. 

 Here, I am attempting to formalize the informal and disambiguate the ambiguous. 

Only then do I offer students the kind of instruction in coordinate graphing that the 

textbook offers at the start of the lesson. 

 

 

Figure 4.5. Problematized language instruction in Functionary, continued. 

 

 Both partners then play another round in each role – describing and drawing. In a 

complete game, each partner will have described two graphs and drawn two graphs. That 

is Functionary. 
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 Round 1 Round 2  Round 3 Round 4 

Partner 1 Describe Describe Draw Draw Instruction Describe Describe Draw Draw 

Partner 2 Draw Draw Describe Describe Instruction Draw Draw Describe Describe 

Table 4.3. All four rounds of Functionary. 

 

 An important feature of Functionary is that the describing student never receives 

objective feedback on her description – no letter or numerical grade. The drawing student 

receives a number that informs him how close his drawn graph was to the target graph. 

The describing student, however, can only infer the quality of her description indirectly 

through that number, her partner's drawing, and the words that partner found confusing. 

Even then, she might just conclude that her description was perfect and her partner's 

comprehension was lacking. This is a dramatic departure from online platforms like Khan 

Academy in which every student input is graded automatically and objectively by a 

computer. 

 There are many alternate scenarios I considered and rejected in designing 

Functionary. Here are several. 

• Automatically graded descriptions. We could ask any number of algorithms to 

grade a given description of a given graph, of course. For example, we could 

search the description for our vocabulary words and report that total. We could 

search the description for coordinates and report that total. We could check to see 

if the coordinate was a solution of the graph first and report that subtotal. I 

abandoned all of these algorithms, worrying that they'd encourage students to use 

vocabulary and coordinates in contrived, rather than authentic ways. Is a student 

who uses the word origin five times in a sentence more fluent in the language of 

function and graphs than the student who uses it once judiciously? 
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• Chat dialog. Rather than staggering the describing-drawing interaction through 

discrete turns, I could have allowed the students to describe and draw 

continuously, at will, as though they were in a chat room with a marker board 

between them. This option still intrigues me but I rejected it, worrying that the 

continuous interaction would diminish the partners' need for formal mathematical 

language. Imagine an analogous situation. You can say exactly two sentences to 

tell your friend how to find an important letter you left in your home. In an 

alternate version, you can tell your friend as many sentences as you want while 

also watching them fumble around in your home simultaneously. I hypothesize 

that you'd feel the greater need for efficient, shared communication in the first 

situation instead of the second. 

• Offline. Is the online environment even essential here? Could students trade these 

descriptions and drawings back and forth across a desk with essentially the same 

effect? First, this question starts from a different premise than my study. My study 

asks, "What is the best curriculum given the online environment?" This study will 

have nothing empirical to say about the difference between face-to-face (F2F) and 

online instruction. However, I will offer two reasons why this activity would be 

worse on paper and pencil than in an online classroom. First, I suspect students 

would talk continuously F2F. Students would find it difficult to limit themselves 

to discrete turn-taking. And there is a difference between saying, "Move that point 

up more. No up a little more. No just a little more." And saying, very carefully, 

"Move that point 2.5 units up." I hypothesize that the discrete and limited number 

of turns will necessitate more precise language. Second, the digital environment 
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allows faster and better feedback between partners than would the same paper-

and-pencil task. The describing student receives both a graph and the words her 

partner found confusing. And not just a static, complete graph. She sees the graph 

as it is created in this one-way mirror effect. Her partner sees the description as it 

is typed in a similar effect. The online environment is necessary to whatever 

extent this feedback is helpful. 

 

 Functionary did not always exist in the form I described above. I piloted several 

versions with students over the course of a year, iterating on its design each time. I will 

briefly summarize those pilots. 

 

Pilot 1 - Spring 2014 

 

In my first Functionary pilot, I wanted to know if the technology, which worked well 

under lab conditions, would work well in field conditions. In my pilot classroom, I 

observed a number of deficiencies in Functionary's user interface and user experience, 

each of which I attempted to resolve in future pilots. Students experienced several 

difficulties in particular understanding the user interface and completing the Functionary 

task: 

 

• The pairing mechanism was faulty. Some students waited endlessly to be paired 

with a classmate. Other students would disconnect from their partners 

accidentally – by clicking "reload" or closing the window. This was catastrophic 
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for gameplay as there was no way to reconnect. The student who disconnected 

would re-login to Functionary and would pair with a new partner while her old 

partner stared at her screen waiting for anything to happen. 

• The drawing experience was frustrating. I asked students to draw parabolas and 

lines but I didn't give them a line tool. Students would then use their laptop's 

hypersensitive trackpad to draw a line, which resulted in a wobbly, jagged scrawl 

even if they had a clear mental picture of the line they wanted to draw. Students 

had a reset tool with which they could clear their entire drawing but no tool to 

assist them with minor edits. They were required to edit everything or nothing. 

• The waiting was frustrating. Even in the best-case scenario where two partners 

paired without incident and both partners drew the functions they wanted to, 

students were frustrated. Each turn – whether the describing or the drawing – took 

longer than I anticipated, resulting in long wait times for the inactive partner. In 

some cases, those partners waited close to ten minutes. Some students read books 

while they waited for their partners to finish their turn. Some asked me to check if 

their partners had accidentally disconnected. 

 

My development team and I fixed the pairing mechanism. In my dissertation study, 

no participant experienced any difficulty pairing or accidentally disconnecting. 

My team and I added a line tool, a point tool, and an eraser tools to assist students in 

their graphing. 

The wait time was a much harder issue to resolve. The task of description, analysis, 

and interpretation seemed inherently time-consuming for students. My team and I 
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decided to add the "one-way mirror" effect. Inactive students still had to wait to begin 

their turn, but they had something to watch while they waited. They watched their 

partners write and edit descriptions or sketch and erase graphs. I hypothesized that the 

one-way mirror might do more than just alleviate the boredom of inactivity. In the best-

case scenario, describing students would infer from watching their partner halt and 

stumble on particular sections of their graph which parts of their descriptions needed 

clarification. 

Of course, all of these difficulties could have been resolved in one pass had I simply 

assigned recall-based work. For all of the downsides of that kind of work (see Chapter 2), 

it's an order of magnitude easier to design those tasks online than it is to facilitate 

interpersonal communication. 

 

Pilot 2 - Spring 2015 

 

In my second pilot, now a year later, the technical issues were largely resolved. My 

primary focus in this pilot was on an assessment instrument which I gave students before 

and after the Functionary intervention. Again I took notes as I watched the class use 

Functionary. The students still seemed frustrated and lethargic, even though the 

technology was functioning as intended, including the one-way mirror effect. The class' 

assessment gains were also fairly flat and indicated floor effects. 

In this pilot, I asked students to draw four parabolas, whereas in my pilot a year ago, 

the majority of the work considered linear functions. My assessment instrument included 

items testing for transfer that asked students to describe functions of even greater 
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complexity than parabolas: a rational function with an asymptote in one case and an 

exponential function in another. I hypothesized that the frustration, lethargy, and flat 

achievement gains owed to the difficulty of these tasks. They were too challenging for 

this group of seventh graders. I had hypothesized that even though quadratic functions 

first appear in the Common Core State Standard's high school grades (CCSSI, 2010, p. 

57), seventh-grade students would still be able to describe them. This now seemed 

incorrect. So for my next pilot, I decided to select the four functions from the linear 

family, though for extra challenge two of them would appear as line segments and not 

lines, requiring students to signal domain somehow. 

I asked students to describe and draw the following four functions: 

 

• y = 2x/3 - 2 

• y = -1x/4 + 1 

 

Those two functions stretched across the entire graphing window, from [-10,10]. The 

next two linear functions appeared as line segments. 

 

• y = -1x/3 - 3 (along the interval [-3, 3]) 

• y = x - 1 (along the interval [-3, 2]) 

 

I worried that this task would be too easy for students, that they would already know 

the linear form so well that I would have failed to problematize the skill of 

communicating mathematically. If students knew how to describe linear equations 
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algebraically, for instance, as they're listed in the paragraph above, they would have little 

need for instruction in ordered pairs or terms like "intercept" and "quadrant." 

 

Pilot 3 - Spring 2015 

 

One week later, I piloted the updated Functionary intervention (focused now on linear 

equations instead of quadratics) and the updated assessment instrument. In that 

instrument, the primary assessment items now focused on linear equations and the 

transfer question now assessed a student's ability to describe a parabola. The entire 

experience – both intervention and instrument – was now calibrated for more 

inexperienced students. In the first Functionary round, 46 students sent descriptions of the 

line and none of them used an algebraic form, which alleviated the concern I mentioned 

at the end of my summary of Pilot 2. 

The participating students also seemed more energetic and productive in the new task 

than previous pilot groups. Technical issues had frustrated students in the first pilot while 

the content seemed to have frustrated students in the second pilot. With both those issues 

largely resolved, students interacted with Functionary in ways I hadn't noticed in those 

earlier pilots. One interaction caught my interest in particular and recurred so frequently 

that I had to address it in one final iteration of the intervention. 

I watched different students interact angrily with their laptop screens throughout each 

of the first four periods of the day. These students weren't frustrated by the technology or 

the difficulty of the content, as they had been in earlier pilots. They were frustrated with 

their partners. This, in itself, wasn't unusual. Students would frequently react with dismay 
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when their partners misinterpreted their precise descriptions. This particular frustration 

was unusual because these students had written imprecise descriptions. These students 

were frustrated with their partners when they should have been frustrated with 

themselves. For example, one student wrote (paraphrased), "the line goes from four up to 

one." I was alarmed at how confident this student was in her own imprecise description. 

She thought her partner needed help.  

Several studies helped me understand my student's imprecision and prepare an 

intervention. Confrey and Smith described the act of linking the domain and range of a 

graph as the "coordination" of two varying quantities (Confrey & Smith, 1995). (For our 

purposes, the domain is represented by the horizontal location of the point and the range 

by the vertical.) In the same way that young children struggle to move in a coordinated 

manner, young Algebra students may struggle to coordinate two sets of numbers 

simultaneously. Carlson, et al., described a general understanding of "covariation" with 

five mental acts (Carlson et al., 2002). "Plotting points" is a key behavior in the third of 

those five acts. This researched helped me understand that I wasn't observing some 

unexpected dysfunction in this student's graphing capability. This was expected 

dysfunction. Rather, I was watching the student struggle to transition from competence in 

one mental action to competence in the next. I began to suspect my existing intervention 

into that transition wasn't helpful enough. 

Up until this pilot, the vocabulary intervention in Functionary resembled a series of 

flash cards. (Figure 4.6 shows the flash card for "coordinates.") I had hoped the first two 

rounds of Functionary would problematize precise mathematical communication but it 

was clear that some students resolved that problem without learning how to communicate 
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precisely. They resolved it by convincing themselves that their partners lacked 

competence. So I attempted to problematize communication even further using the 

instructional strategy outlined above. I asked students to interpret a very imprecise 

description and note the classwide confusion. 

 

 

Figure 4.6. Language instruction in an early draft of Functionary. 

 

 With that change to the language intervention, my committee and I concluded that 

the intervention and the instrumentation were suitable for my dissertation study. I have 

summarized the changes I made between pilots in Table 4.4. 
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 Pilot 1 Pilot 2 Pilot 3 

Changes Made 
Fix the 

technology. 

Change the 

function family 

from parabolas 

to lines. 

Further 

problematize 

precision in 

mathematical 

communication. 

Table 4.4. Changes resulting from pilot rounds. 

 

 My intent at the end of this chapter and the last is multi-fold. I hope that 

proponents of online education platforms like Khan Academy and the iBook Store feel I 

have fairly represented the state of their art. I hope that the researchers whose work I 

have integrated into the design of Functionary feel I have been faithful to their 

conclusions. I hope that both groups wonder how we could design a fair test of the 

strengths and weaknesses of both treatments of mathematical language, because that is 

the task I'll attempt in the next two chapters.
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My research questions are then: 

 

1. How does achievement differ when learning the language of functions and graphs 

through Functionary compared to learning through traditional online mathematics 

instruction? 

2. What characterizes effective and ineffective work in Functionary? What kind of 

work correlates with increased learning? 

3. In what different ways do students describe precise locations on a coordinate 

plane? 
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  Research Design 

 

 This study employs a randomized 3 x 2 factorial design with three levels of a 

between-subject treatment variable I will abbreviate "bronze," "silver," and "gold" and 

two levels of a within-subject time variable representing the participants' achievement 

before and after the treatment. 

 Students in the gold condition receive problematized language instruction and 

communicative work. These students play four rounds of Functionary as described in the 

previous chapter. 

 Students in the silver condition receive assertive instruction and recall-based work. 

Whereas the gold condition attempts to problematize the language of function and 

graphs, creating a need for communication skill, the silver condition asserts that value. 

Students are asked to create flash cards for five vocabulary terms: "quadrant," "origin," 

"x-intercept," "y-intercept," and "coordinate." I assert to them that "[these words] will be 

useful for problems you'll solve later." Students are instructed to include the vocabulary 

word, a definition, and a picture on their flash cards, each of which is provided on a 

handout (see Appendix 6.1). "When you're done," the instructions read, "see Mr. Meyer 

for your next assignment." I established my warrants for this condition in the third 

chapter ("Traditional Instruction in the Language of Functions and Graphs"). This use of 

flash cards is warranted also by one of my pilot teachers in the same district who assigned 

them in an identical way. 

 Students then receive a link to an online quiz where they practice recalling the 

language they studied for their flash cards. At no point during this practice do students 
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use the words to communicate with one another. In this online quiz, I attempted to 

duplicate the kinds of tasks I found in the "traditional" online sources I reviewed in 

Chapter 3. That online quiz is printed in Appendix 6.2, though lost in the printed version 

is the fact that students receive automatic and instant feedback on all their answers. (The 

gold condition does not.) 

 Students in the bronze condition receive no instruction and their math work is 

unrelated to the language of functions and graphs. 

 Each group received a survey at the beginning and near the end of class designed to 

assess a) their engagement in their work and b) their perception of the social nature of 

their work. For instance, the gold condition received the questions in Table 6.1 at the 

beginning and end of class. 

 

 Beginning End 

Engagement How would you rate 

your usual enjoyment 

of learning math? 

How would you rate 

your enjoyment of 

learning math in this 

way (communicating 

mathematical ideas 

with each other)? 

Social Perception How much class time 

do you usually spend 

learning socially, 

How much class time 

did you spend 

learning socially 
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communicating 

mathematical ideas 

with your classmates? 

today, communicating 

mathematical ideas 

with your classmate? 

Table 6.1. Engagement and social perception survey questions for the gold condition. 

 

 The silver and bronze conditions received isomorphic questions that reflected the 

character of their work. Only their post-survey for engagement varied from Table 6.1. In 

their post-survey for engagement I replaced the gold condition's "communicating 

mathematical ideas with each other" with "practicing math skills online" (bronze) and 

"using flash cards to practice math skills online" (silver). 

 The overall study design is described in Table 6.2. 

 

Condition The purpose of language 

instruction. 

Classwork 

Gold Problematized Communicative 

Silver Asserted Recall-based 

Bronze None 
Unrelated to the language 

of functions and graphs 

Table 6.2. Summary of the experimental conditions. 

 

Participants 
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I selected my participants from a large school district in the greater San Francisco 

Bay Area. I contacted the district's math coordinator with the details of my study and 

asked her to forward it to the district's math teaching faculty. I looked for 7th- and 8th-

grade math teachers in particular, as students make the transition from equations to 

functions and from points to graphs during those grades in the Common Core State 

Standards (CCSSI, 2010, p. 46). 

From the volunteers, I selected two teachers for my study who taught the ages I 

required and who had a large number of participants to offer – 284 students across 11 

classrooms. Of those 284 students, 248 were present for the intervention. My committee 

approved that sample size for this study. 

These teachers taught at two different junior high schools with the student population 

characteristics summarized in Table 6.3.  

 

 Site 1 Site 2 
Asian 30% 57% 

White 32 19 
Hispanic 20 13 

Black 8 3 
Other 10 8 

   

Free / Reduced Price 
Lunch 

23 17 

Table 6.3. Demographic summary of research sites. 

 

44% of the students in my study were female and 56% were male . 23% were in 

eighth grade and 77% were in seventh grade or its equivalent. (Two classes of eighth 
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graders were studying seventh-grade math.) I didn't study any of the two sites' honors 

courses. Their classes were 49 minutes long. 

This is a study of online environments for learning mathematics but my participants 

weren't drawn from online environments. This is a threat to the ecological validity of my 

study, certainly, but I decided that compromise was necessary in order to control other 

variables such as time-on-task and access to external resources. 

      

Instrumentation 

 

Two sets of dependent measures will help me answer my research questions. One set 

derives from the pretest and posttest while the other set derives from the interventions 

themselves. 

 

Pretest-Posttest Measures 

 

Students in every condition received a pretest and a posttest (see Appendix 6.3). The 

pretest attempted to assess different aspects of the language of functions and graphs. 

Table 6.4 illustrates the aspect and description for each item of the assessment. 

 

Question 

Aspect of the 

Mathematical 

Register Description 
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1 Purpose "In your opinion, what is the point of 

learning about coordinates and terms 

like 'quadrant' and 'origin,' if there is 

one?" 

2 Describing a 

graph. 

Students were asked to describe a line 

segment given on a coordinate plane in 

words. From this question I also derived 

dependent measures, including: 

3 Decoy. See #7. Students were asked to rank the quality 

of a given description of a given graph. 

This element was ungraded and used 

only to preface question #7. 

4 Definition recall Students were asked to construct the 

definition of one of the terms the gold 

and silver groups had seen in their 

instruction. 

5 Graphing a 

description. 

Students were asked to draw a graph of 

a given description.  

6 Definition recall Students were asked to select the best 

definition of one of the terms the gold 

and silver groups had seen in their 

instruction. 
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7 Transfer Students were asked to define a term 

they hadn't seen from their previous 

instruction. The term was used in the 

description given in question #3.  

8 Describing a 

graph. 

Students were asked to select whether 

different statements about a graph were 

true or false. 

9 Critique Students were given a description of a 

graph, which was unseen. They were 

told the description is impossible to 

graph and asked to explain why.  

10 Critique Students were given a graph and a 

description of that graph. They were 

asked to give three suggestions for 

improving the graph. 

11 Transfer Students were asked to describe a graph, 

similar to question #2. Whereas 

question #2 assessed the work students 

did in their treatments (linear 

equations), this question assessed their 

ability to describe a quadratic equation. 

Table 6.4. Summary of the assessment instrument constructs. 
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Intervention Measures 

 

All Interventions 

 

• A survey of social perception. 

• A survey of engagement. 

 

Silver & Gold 

 

• The amount of time students spent learning vocabulary, either creating flashcards 

(silver) or experiencing problematized language instruction (gold). 

 

Silver Only 

 

• A student's score on her online worksheet. 

 

Gold 

 

For each of four rounds in the gold condition, I collected the same data: 

 

• The student's partner's name. 

• Descriptions 

⁃ The amount of time the student spent describing. 

⁃ The number of characters used in her description. 
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⁃ The number of times she used vocabulary words from the intervention. 

⁃ Coordinates 

⁃ The number of coordinates she used in her description. 

⁃ The number of correct coordinates she used in her description. 

⁃ The number of coordinates she used in her description that would 

have been correct except for an inversion error. ie. The student 

wrote (3, -4) instead of (-4, 3). Speaking generally, the student 

wrote (y, x) instead of (x, y). 

⁃ The number of coordinates she used in her description that would 

have been correct except for a reflection error. ie. The student 

wrote (3, -4) instead of (3, 4). Speaking generally, the student 

wrote (-x, y) or (x, -y) or (-x, -y) instead of (x,y). 

⁃ The number of correct coordinates she used in her description after 

correcting those two errors. 

⁃ The number of coordinates that were incorrect, and demonstrated 

neither of those two errors. 

• Drawings 

⁃ The amount of time her partner spent drawing. 

⁃ The score of her partner's drawn graph, measured against the target graph. 

 

Procedures 
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I received IRB exempt clearance on March 20, 2014. I began data collection February 

11, 2015, and sent a letter to parents of the participating students the week before. I asked 

teachers to send me their class rosters, including student names by period, to help balance 

students between conditions. The intervention lasted three days, each of which I will 

describe below. 

 

Day One 

 

• I assigned students randomly to one of two forms of the pretest (Appendix 6.3). 

Each question was isomorphic from one form to the other. (Questions #1, #6, and 

#7 were identical from one form to the other.) 

• Students completed the pretests. 

• I graded the pretests. 

• I assigned students to one of the three intervention conditions, balancing them 

according to their pretest scores. All three conditions had similar proportions of 

students with high, medium, and low scores, in other words. The results of that 

counterbalancing appear in Table 6.5 and Table 6.6. 

 

 Gold Silver Bronze 

Count 81 76 84 

Mean 8.00 7.55 7.26 

SD 4.07 3.53 3.54 

Table 6.5. Description of pretest scores by experimental condition. 
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 Gold Silver Bronze Total 

Male 45 43 51 139 

Female 37 36 36 109 

Total 82 79 87 248 

Table 6.6. Description of gender by experimental condition. 

 

 An unpaired t-test of pre-test means revealed no significant differences between 

two forms of the test, t(257.947) = -1.0704, p = .2855, indicating the isomorphic 

questions were of comparable difficulty. 

 

Day Two 

 

• I passed out instructions to every student. 

⁃ Gold. 

⁃ Students received a link to a website for their class' Functionary 

game. They were instructed to type in their name. Once another 

un-paired student entered the game, the two students were paired 

for the intervention. Functionary doesn't reveal either partner's 

name to the other, in a small effort at ecological validity. (In an 

online mathematics course, you may not know your peers' names 

as well as you do in a face-to-face classroom.) 
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⁃ The gold condition required an even number of participants so if 

there were an odd number of participants in any particular gold 

condition (because of random assignment or absenteeism) I either 

took the final gold instruction card and changed it to the bronze or 

silver condition or I took a random bronze or silver card and 

changed it to gold. I made individual assignments randomly but 

with every effort to maintain balanced sample sizes between 

conditions  

⁃ Silver. 

⁃ Students received the packet as seen in Appendix 6.1. Once they 

completed their packet, they were instructed to call me over. I 

recorded the amount of time they spent constructing vocabulary 

flashcards and gave them the link to their online worksheet. 

⁃ Bronze. 

⁃ Students received a link to a website which asked them the two 

questions on engagement and social perception. They were then 

directed to a list of Khan Academy assessment items from earlier 

grades, none of which pertained to the language of functions and 

graphs. Approximately ten minutes before the end of class, I 

passed out a survey with two questions re-surveying their 

engagement and social perception (see Appendix 6.5). 

 

Day 3 
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• I assigned students to the form of the pretest they didn't see on Day 1. 

• Students completed the posttest. 

• I graded the posttests. 

 

Data Analysis 

 

 I will describe for each of my research questions a) the data sources I will use to 

answer it, b) the statistical methods I will use to answer it, c) my hypotheses about those 

answers. 

 

1. Which elements of the mathematical register does Functionary effectively teach, 

especially compared to traditional online mathematics language instruction? 

 

Data Sources Analysis Hypothesis 

Pretest / posttest 

measures. 

Two-way repeated 

measures ANOVA 

with time and 

condition as 

covariates. 

Scores will increase 

in the silver and gold 

conditions, but not in 

the bronze. Scores 

will increase more in 

the gold condition 

than the silver. 
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Engagement survey 

measures. 

Two-way repeated 

measures ANOVA 

with time and 

condition as 

covariates 

Engagement ratings 

will increase most in 

the gold condition. 

Social perception 

survey measures. 

Two-way repeated 

measures ANOVA 

with time and 

condition as 

covariates 

Social perception will 

increase most in the 

gold condition where 

the classwork is 

rooted in 

communication. The 

difference between 

silver & bronze 

conditions won't be 

statistically 

significant, as neither 

group interacts with 

other students in their 

work. 

Table 6.7. Data sources, analysis, and hypothesis for research question 1. 

 

2. What does effective and ineffective Functionary strategies look like? Which 

strategies correlate with increased learning? 
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Data Sources Analysis Hypothesis 

Functionary gameplay 

data. 

 

Pretest / posttest 

scores. 

Case study analysis. 

Out of all the students 

in the gold condition, 

what characterizes 

students whose 

achievement scores 

increased? What 

strategies did they 

employ in their 

experience with 

Functionary? What 

characterizes students 

whose achievement 

scores didn't increase? 

 

Correlational analysis. 

Is there a correlation 

in the achievement 

differential between 

Functionary partners? 

Did partners improve 

Students in the gold 

condition whose 

achievement 

increased likely 

exhibited a range of 

productive strategies. 

They likely took up, 

rather than ignored, 

their partner's 

feedback. They likely 

built on their partner's 

existing graphs and 

descriptions rather 

than deleting and 

restarting their 

response. 

 

It is possible students 

whose achievement 

increased were well-

paired, though 
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together or separately 

on the posttest? 

randomly so. Partners 

whose pretest scores 

varied too widely 

might form an 

unproductive 

partnership, with the 

struggling partner 

failing to challenge 

the advanced partner 

and the advanced 

partner using 

language the 

struggling partner 

fails to understand. 

Table 6.8. Data sources, analysis, and hypothesis for research question 3. 

 

3. In what formal and informal ways do students attempt to describe precise 

locations on a coordinate plane?  

 

Data Sources Analysis Hypothesis 

Student descriptions of 

a line segment in 

Question #2 of the 

Open coding (Strauss, 

1990). I will begin by 

coding those 

Students will exhibit a 

range of description 

strategies – from very 
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pretest and posttest. descriptions for the 

informal student 

conceptions I 

reviewed in Chapter 

2. From that starting 

point, I will then use 

open coding to 

determine other 

informal description 

strategies. 

informal to very 

formal. Those 

description strategies 

will grow more 

formal in the gold 

condition than in the 

silver, and more 

formal in the silver 

condition than in the 

bronze. 

Table 6.9. Data sources, analysis, and hypothesis for research question 2. 
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Research Question #1: Comparing Conditions 

 

In my first research question I asked, "How does achievement differ when learning 

the language of functions and graphs through Functionary compared to learning through 

traditional online mathematics instruction?" 

To answer that question, I subjected total scores on my assessment instrument to a 

two-way repeated measures analysis of variance having two levels of the within-subject 

factor (time: pre and post) and three levels of the between-subject factor (condition: gold, 

silver, or bronze). (See Appendix 7.1 for all two-way ANOVA summary tables.) This 

analysis found an interaction effect between time and condition F(2, 234) = 3.331, p = 

.0375. (A coding guide and interrater reliability scores for all items can be found in 

Appendix 6.4L.) 

I then performed a post hoc analysis using pairwise t-tests under a Holm p-value 

adjustment. (See Appendix 7.2 for pairwise t-test tables.) This comparison revealed no 

significant difference between the pre-test sums in any condition (p = 1 for all pairs of 

differences), indicating that the conditions had been effectively counterbalanced. Neither 

did the bronze post-test differ from its pre-test in any significant way (p = .27), 

confirming that the null condition had no significant effect on aggregate student learning. 

The post-tests for gold and silver showed no statistically significant difference from each 

other (p = 1), but gold showed a statistically significant difference from the bronze post-

test (p < .05). (See Table 7.1 for means and standard deviations by condition and time.) 

 In sum, gold and silver both saw significant achievement gains over the course of 

both of their interventions (p < .001 for gold, p < .01 for silver). Gold didn't significantly 



Chapter 7: Data Analysis & Results 
 

 

85 

outperform silver and bronze didn't see statistically significant gains from pre-test to 

post-test. (See Figure 7.1.) 

 Pre Post 
 Mean SD Mean SD 

Gold 8.00 4.07 10.63 4.62 
Silver 7.52 3.40 9.96 4.68 
Bronze 7.24 3.55 8.61 4.36 

Table 7.1. Means and standard deviations of test score sums by time and condition. 

Maximum possible score: 24. 

 

 

Figure 7.1. Graph of test score sums by time and condition. Error bars: standard error. 
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I turned my attention next to individual item-level analysis, seeking to determine the 

source of silver and gold achievement gains. Did the silver and gold gains result from the 

same test items or were certain items sensitive to one intervention over the other? 

In that analysis, I found an interaction effect between time and condition for Question 

#2, F(2, 234) = 4.352, p = .0139, and Question #4, F(2, 234) = 4.493, p = .0122. 

Appendix 6.3 contains the assessment instrument for reference. Question #2 asked 

students to describe a line segment on a coordinate plane and awarded points for 

increasing levels of precision. Question #4 asked students to define either the x-intercept 

or the y-intercept (depending on the test form) and awarded points for recall. 

Again, I subjected pairwise differences in Question #2 scores to t-tests for a more 

precise analysis of the interaction effect. Those t-tests again revealed that the pre-test 

differences between conditions were statistically insignificant (p = 1). I found again that, 

as expected, bronze saw insignificant achievement gains (p = 1). But silver's achievement 

gains were also negligible (p = 1). Meanwhile, gold saw significant achievement gains (p 

< .01) and performed suggestively better than silver, if not significantly better (p = .0536). 

 

 Pre Post 
 Mean SD Mean SD 

Gold 1.44 1.20 2.16 1.09 
Silver 1.38 1.28 1.62 1.21 
Bronze 1.37 1.12 1.61 1.25 

Table 7.2. Means and standard deviations of Question #2 scores by time and condition. 

Maximum possible score: 4. 
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Figure 7.2. Graph of Question #2 scores by time and condition. Maximum possible score: 

4.  Error bars: standard error. 

 

I performed an analysis of Question #2's sub-codes. In Chapter 6, I specified a set of 

dependent measures contained within Question #2 – the number of coordinates 

mentioned in the description, for instance, or the number of vocabulary words used. I 

found a significant interaction effect between time and condition for two of those items: 

the number of times a student mentioned the word "origin," F(2,234) = 6.259, p < .05, 

and the length of that description as measured in total characters used, F(2, 234) = 

10.110, p < .001. 



Chapter 7: Data Analysis & Results 
 

 

88 

Pairwise t-testing for uses of the word "origin" revealed statistical similarity across 

pre-tests and no significant post-test differences, though the difference between gold and 

bronze use of the term in the post-test came closest to significance (p = .054). 

Meanwhile, pairwise t-testing for description length revealed statistical significance. The 

lengths of descriptions on the pre-test were statistically indistinct across conditions. None 

of the conditions differed significantly from its pre-test to its post-test, though gold's 

post-test description was significantly longer than bronze's (p < .01) and silver's (p < .05). 

(See Appendix 7.1 for ANOVA summary tables and 7.2 for pairwise t-test tables.) 

 

 Pre Post 
 Mean SD Mean SD 

Gold 71.51 53.23 90.15 50.40 
Silver 84.03 72.45 62.89 46.31 
Bronze 62.40 51.78 57.27 29.13 

Table 7.3. Means and standard deviations for the length of Question #2's description by 

time and condition. 



Chapter 7: Data Analysis & Results 
 

 

89 

 

Figure 7.3. Graph of the length of Question #2's description scores by time and condition.  

Error bars: standard error. 

 

The box plot in Figure 7.4 disaggregates and illustrates the relationship between a) 

the change Question #2 description length from pre- to post-test, and b) the change in 

Question #2 score from pre- to post-test, across each condition. 
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Figure 7.4. Box plot of Question #2 Description Length v. Question #2 Gain Score across 

all three conditions. 

 

 A visual inspection reveals an upward trend for both bronze and silver, meaning an 

association between how much more a student wrote in her description from pre- to post-

test and the increase in her score, and very little trend for gold. A test for correlation 

between these two variables bears out this inspection. 

 

• Gold. r(79) = .16, p = .15 

• Silver. r(71) = .36, p < .01 
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• Bronze. r(80) = .33, p < .01 

 

 It isn't clear to me that longer descriptions are necessarily better, however. 

Mathematicians often prefer brevity and concision to digression. I have attached the 

longest and shortest descriptions that received a perfect score on Question #2. Both are 

correct and precise, though only one is conventional and concise. 

 

• "Draw a straight line (3,2) to (0,-4)" 

• "You first start at the 0 point then go down 4 points when you get their put a 

point. Next you start at point 0 go down 2 then right one time. Put a point. Start a 

zero go 2 right then put a point. Now start at 0. Then go up 2 and right 3 times. 

Put a point. Now connect all the dots so they form a line." 

 

 I will give these and other descriptions a closer look in my third research question, 

in large part to offer a clearer look at their contents than a metric like "description length" 

can provide on its own. 

Question #4 conformed to a similar result pattern as Question #2 – insignificant pre-

test score differences across conditions (p = 1); insignificant bronze gains (p = 1); both 

gold and silver saw significant achievement gains (p < .01 for gold and p < .001) for 

silver. Silver didn't significantly outperform gold (p = .08). 

 Pre Post 
 Mean SD Mean SD 

Gold .31 .54 .69 .72 
Silver .33 .58 .97 .82 
Bronze .25 .56 .52 .72 
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Table 7.4. Means and standard deviations of Question #4 scores by time and condition. 

Maximum possible score: 2. 

 

 

Figure 7.5. Graph of Question #4 scores by time and condition. Maximum possible score: 

2.  Error bars: standard error. 

 

I also found an interaction effect in the survey of affective dimensions. (That survey 

can be found in Appendix 6.5.) There wasn't a significant interaction effect between 

condition and time for engagement in the activity, F(2, 216) = 2.558, p = .0798, but there 

was a significant interaction between time and the student's perception that the activity 

was social, F(2, 223) = 8.764, p < .001. My post-hoc analysis revealed, again, statistically 
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insignificant initial survey differences across conditions, but t-tests of the post-survey 

revealed that the gold condition felt their intervention was significantly more social than 

both silver (p < .05) and bronze (p <.001). (Gold didn't change significantly from the pre- 

to the post-test readings, however. p = .9062.) There weren't statistically significant 

differences between silver and bronze in their perception of their activities as social (p = 

.3170). 

 Pre Post 
 Mean SD Mean SD 

Gold 2.21 .91 2.42 1.08 
Silver 2.36 .72 1.92 1.13 
Bronze 2.07 .81 1.56 1.19 

Table 7.5. Means and standard deviations of social perception survey scores by time and 

condition. Maximum possible score: 4. 
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Figure 7.6. Graph of social perception survey scores by time and condition. Maximum 

possible score: 4. Error bars: standard error. 

 

In the gold condition, the Functionary intervention automatically logged the amount 

of time each student spent in vocabulary instruction. In the silver condition, I logged the 

number of minutes one teacher's students spent in vocabulary instruction by recording the 

time I passed out the instruction sheets to everybody and also the time each student 

passed their instruction sheet back in to me in exchange for their online assignment. 

An unpaired t-test found a statistically significant difference between the amount of 

time spent on vocabulary between gold (M = 3.01, SD = 1.31) and silver (M = 14.96, SD 

= 4.17), t(60) = -19.46, p < .001. I looked for a correlation between the time spent on 

vocabulary instruction and achievement gains on the assessment instrument across both 

conditions and found a very weak one, r(92) = .07. 
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Figure 7.7. Graph of achievement gains against minutes spent in vocabulary instruction 

by condition. Error bars: standard error. 

 

A number of test items saw only main effects for time and condition and still others 

saw no statistically significant effect at all. 

Items that saw only main effects for time included Question #1, which asked students 

to identify the purpose of learning formal math vocabulary; Question #5, which asked 

students to draw a line given certain conditions on its x- and y-intercept; Question #6, 

which asked students to recall the definition of "origin"; and Question #7, which asked 
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students to infer the definition of "line of symmetry" from a description that used it 

earlier in the assessment. 

Items that saw only main effects for experimental condition included Question #4, 

which asked students to recall the definition of the term y-intercept. 

Items that saw no effect at all included Question #9, which asked students to decide 

why a given description was impossible to draw; and Question #11, which asked students 

to transfer their describing skills from lines and line segments on Question #2 to 

parabolas. 

A summary of these ANOVA results can be found in Appendix 7.1A. 

Finally, though I entered the study with no hypotheses with respect to gender, I 

conducted an unpaired t-test comparing achievement gains across genders and found no 

significant differences in female and male gain scores, t(218) = .3356, p = .7375. 

 

Research Question #2: Functionary Strategies 

 

In my second research question, I turned from a between-condition study and tried to 

understand, instead, what happened within the gold Functionary condition? My precise 

research question was, "What characterizes effective and ineffective work in 

Functionary? What kind of work correlates with increased learning?" 

To answer that question, I first examined data collected by the Functionary system 

over the course of student work. (I include a description of those data in Table 7.6.) 
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Data Description 

Description length A count of the number of characters used by the 

describing partner in her description. 

Vocabulary A count of the number of vocabulary terms used 

in the description. Calculated by searching every 

description for "intercept," "origin," "quadrant," 

their plurals, and several observed misspellings.] 

Coordinates A count of the number of coordinates used in the 

description. Calculated by searching every 

description for the pattern of two numbers 

separated by a comma, then coding each 

description manually for coordinates that didn't 

conform to that pattern. (eg. a student could 

describe the y-intercept using only one number.) 

Correct coordinates A count of the number of correct coordinates 

used in the description. 

Correct coordinates 

(adjusted) 

A count of the number of coordinates used in the 

description that were correct if we adjusted them 

in either of two ways (but not both): 

• Inversion. (x,y) -> (y,x) 

• Reflection. (x,y) -> (-x,y) or (x, -y) or (-x, 

-y) 
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Description time The number of seconds it took the describing 

partner to type that description and send it to her 

partner. 

  

Graph score A score measuring the proximity of the drawing 

partner's graph to the target graph, expressed as a 

percentage derived by comparing the y-values 

from the target graph to the drawn graph for all x 

in the domain of the graph. Because there were 

two turns for each round, I took the highest graph 

score of those two turns. This was generally, 

though not always, the second of the two graph 

scores. 

Draw time The number of seconds it took the drawing 

partner to draw the graph and send it to his 

partner. 

Confusion A count of the number of characters the drawing 

partner selected as "confusing" in the describing 

partner's description. 

Table 7.6. Data sources collected by the Functionary system. 

 

I captured data from each of these sources for each round played by each partner so 

there were two measurements for each partner – one before vocabulary instruction and 
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one afterwards. (For the sake of consistency, I only selected games where each partner 

completed both rounds.) I first subjected each one of those two measurements to a paired 

t-test for significant differences within subjects. Did a student's drawing time 

significantly decrease over the course of playing Functionary and receiving vocabulary 

instruction, for example? 

Most of these differences were insignificant. (The results of those t-tests can be found 

in Appendix 7.3.) However significant differences between a player's first and second 

rounds were found for: 

 

• Player 2's correct coordinates (adjusted). (See Figure 7.8 for graph.) 

⁃ Player 2: t(64.859) = -2.9155, p < .01 

• Player 1 and Player 2's graph score. (See Figure 7.9 for graph.) 

⁃ Player 1: t(70.31) = -7.497, p < .001 

⁃ Player 2: t(52.42) = -6.0665, p < .001 
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Figure 7.8. Graph of correct coordinates (adjusted) for player 1 and player 2 across both 

of their rounds. Error bars: standard error. 
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Figure 7.9. Graph scores for player 1 and player 2 across both of their rounds. Error bars: 

standard error. 

 

I then attempted to determine the correlation between these two measures and the 

gain in the pre-post test given across all conditions. Were these within-Functionary gains 

positively associated with gains on either a) the entire test, or b) Question #2 (which was 

the question that seemed most sensitive to the gold intervention)? The correlation was 

weak, in both cases. 

It seems likely to me, at this point, that my assessment instrument isn't tightly 

calibrated to these interventions. The silver and gold interventions are very unlike one 
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another and, yet, in a broad battery of measures, those differences were only loosely 

reflected in two assessment items – Question #2 and Question #4. The gold condition 

partners saw a significant increase in their ability to draw their partners' descriptions and 

yet that significance doesn't reappear outside of the condition. 

In order to better calibrate a future assessment, I will look into the Functionary 

gameplay transcript itself and attempt to understand how participants change when their 

graph score improves so significantly. 

I examined every game transcript looking for player strategies common to a majority 

of games. Perhaps those strategies would indicate, though not prove, the causal 

mechanism for the increase in social perception and descriptive skill I found in my 

analysis of variance. 

In my analysis, I found: 

 

• In 28 out of 34 games at least one partner used the Functionary interface to signal 

confusion at some part of her partner's description. For example, when Benjamin 

wrote to Gracie, "it starts at the far raith an ends at the far left," Gracie selected 

"far raith" and "far left" as confusing. 

• In 27 out of 34 games at least one partner took up some aspect of her partner's 

graph and responded to it in her second description. This took many forms. For 

example, in his second description, Benjamin elaborated the words Gracie had 

selected as confusing, clarifying his description incrementally, though not wholly: 

"it starts at the top of the bottom right box and ends at the bottom of the top left 

box going up 4 squers." (Gracie selected "bottom right box" and "top left box" as 
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confusing next.) In other instances, one player would modify her description in 

response to her partner's graph. For instance, in Figure 7.10, we see a player's 

graph that is close to the graph he was meant to draw. His partner then takes up 

the evident differences between the graphs, writing "yea you almost got ok yea 

the end where you put the line at the top right box move the point one to the right 

then from where you started move it up one then move it right 3 times." Figure 

7.11 shows the next graph, which the student drew after taking up the improved 

description of one endpoint, if not both. 

• In 24 out of 34 games at least one partner increased the dimensionality of her 

description, meaning partners who described points without any numbers (eg. "it 

doesnt goes through 1st square on the top") began to describe points with either 

one number (eg. "it is on the top left plate go up 2 squers") or two numbers (eg. 

"There is a SLANTED line from (1,2) to (-3,-4)"). 

 

 

Figure 7.10. A player draws a graph that is close to the target graph. 
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Figure 7.11. The same player from Figure 7.10 responds to her partner's second 

description. 

 

None of the aggregated work of Functionary correlated strongly with the aggregated 

data from the assessment instrument. And yet there were significant differences between 

Functionary and the other conditions. This open coding has revealed strategies common 

to many Functionary games, strategies which may help me begin to account for those 

significant differences. 

In order to illustrate those strategies more completely, and in context, I selected two 

particular games to preserve in Appendix 7.4. In one, the partners' average drawing 

scores for their second rounds were much higher than their first rounds and the game 

exemplified these effective Functionary strategies. (See Appendix 7.4B.) In the other, the 

drawing scores didn't improve and they exemplified only one of those strategies –

 signaling confusion. (See Appendix 7.4A.) In Figure 7.12, I illustrate the change from 

the first drawing round to the last of 34 partnerships that played both rounds of 

Functionary. 
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Figure 7.12. A graph of drawing score against the round number disaggregated across all 

partnerships. 

 

Finally, I asked two questions about differential achievement within the gold 

condition. 

First, for whom does Functionary work? Does it work best to bring students in need 

of remediation up to proficiency? Does it work best to bring students who are proficient 

up to advanced knowledge? 
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Second, what happened to Functionary partners whose range in pre-test scores was 

particularly high? In mixed ability classes, parents of high-achieving students are often 

concerned that their students won't advance if they are paired with lower-achieving 

classmates. 

To answer the first question, I tested for a correlation between a student's pre-test 

score and their gain from pre- to post-test. There was weak, though negative association 

between the two variables, r(79) = -.25, p < .05, meaning higher pre-test scores were 

associated with lower gains in the Functionary condition. This correlation essentially 

evaporated once I controlled for the fact that students with higher pre-test scores had less 

potential for gain. They were closer to the ceiling. Correlating pre-test scores with gain 

expressed as a fraction of a student's potential for gain resulted in a negligible 

relationship, r(79) = -.08, p = .4836. 

To answer the second question, I tested for a correlation between a) the difference in 

pre-test scores between two partners, and b) a partner's gain, again expressed as a fraction 

of her potential for gain. That relationship was negligible and statistically insignificant, 

r(68) = -.17, p = .1415, indicating that parents of high-achieving students need not worry 

that Functionary would inhibit high-achieving children if they were paired with their 

struggling pairs. 

But I now wondered, what were the advanced partners doing in those Functionary 

rounds to help their partners? I looked at the top five mismatches. These partners each 

had a double-digit score differential above their partners. Four of those five students 

determined that their partner needed more help than they were receiving and augmented 

their descriptions accordingly. 
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One clarified the definition of an ordered pair: "The first number in the (X,Y) is on 

the x axis (forward or backwards) the 2nd number is on the Y axis (up or down)." 

Another clarified the meaning of "slope." His first description was technically correct, 

"This line has a y-intercept of -2 and has a slope 4/6," but incomprehensible to his 

partner. So he wrote next: "the y-intercept is the y- coordinate. In this case you would 

find negative two on the y-coordinate plane. you would go 4 up and 6 to the right." 

In a third game the advanced partner began with a formal and concise description of 

the line: "(3,0),(6,2), straight line all the way through the graph even the negatives." 

When his partner didn’t take up that description, he became more prescriptive in his final 

description, abandoning precise coordinates in favor of step-by-step construction 

instructions, "go to the 3rd quadrant and move over 3 to the left then go down 2. Then go 

to the 4th quadrant and go to the right 3 and move down 4 and draw a straight line 

connecting them." 

In the fourth of these five mismatches the high-achieving player watched her partner 

describe first, "there is a line intersecting through the graph." Perhaps cueing off that 

imprecision, she wrote descriptions with increasing detail and encouragement, at one 

point going so far as to explain the Functionary interface: "go to the top left big square. 

start where the bold black line is. go up three and a half little squares. you can go and 

click the button on the top of your screen where it has the drawing paint thing. yeah click 

on the little line one with the two dots on the end of each end. that will help you make a 

straight line." 
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Research Question #3: Pathways to Precision 

 

In my final research question, I asked, "In what different ways do students describe 

precise locations on a coordinate plane?" I asked this question to probe the difference 

between a) the traditional instruction in ordered pairs as I surveyed it in Chapter 3 and b) 

the actual use of ordered pairs by students as I observed it in my pilot studies. The 

traditional sources seemed to anticipate students would quickly take up mathematical 

conventions and then vary from one another only in the correctness of their use of those 

conventions. 

By convention, an ordered pair refers to a pair of numbers, the first specifying the 

horizontal distance of a point from the origin and the second its vertical. Those numbers 

are separated by a comma and enclosed in parentheses. By convention, positive 

horizontal values refer to locations to the right of the y-axis and positive vertical values 

refer to locations above the x-axis. By convention, the quadrants are numbered as they 

are found in Figure 7.13. Again, these are just conventions. They help mathematicians 

communicate whenever mathematicians convene, but they are arbitrary. The quadrants 

could have been relabeled reading from left to right and top to bottom without loss of 

communicative power or efficiency. 
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Figure 7.13. Illustration of the convention for quadrant names. 

 

The traditional sources seemed to expect that, in their attempts to describe a location, 

students would either adopt the mathematical convention for ordered pairs or not at all. 

Students would leave the problem blank or they would write a conventionally annotated 

coordinate. That conventional coordinate might be correct or incorrect, but these were the 

only acknowledged possibilities. I illustrate this implicit expectation for student thinking 

in Figure 7.14, using the coordinate (4, -3) as an example. 
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Figure 7.14. Textbook expectation for student descriptions of coordinates. 

 

No other errors, misconceptions, or alternate conventions are discussed by these 

sources. 

In my pilot studies, by contrast, I observed that predicted uptake of convention but it 

was halting and students exhibited a number of transitional states as they adopted those 

conventions. 

To help me locate and describe those transitional states, I open coded student 

descriptions of the line segments from Question #2 of my assessment instrument (Figure 

7.15). I first developed a framework for understanding precision and its correlates. Then I 

developed and applied a series of codes within that framework and looked for differences 

across conditions. 
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I determined three important adjectives for those descriptions: precise, correct, and 

conventional. Their interaction is illustrated in Figure 7.15 and described below. 

 

 

Figure 7.15. Actual student descriptions of coordinates. 

 

A Framework for Descriptions of Locations of Points 

 

Every student description of the line segment in Question #2 could be described as 

precise or imprecise, conventional or unconventional, and correct or incorrect. 

The label "conventional," as it pertains to locations on a coordinate plane, has been 

described above. 
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The label "precise" is synonymous here with "unambiguous." It signals that, in the 

eyes of an expert, the student has described an unambiguous location on the coordinate 

plane, though she may have done so using unconventional mathematical notation and she 

may have specified an location she didn't intend. Principally, "precision" requires two 

numerical dimensions. It is otherwise impossible to describe a two-dimensional point 

precisely. 

A point can be both precise and conventional but also incorrect. If a student means to 

describe a location that is four units to the right of the origin and three units below the 

origin, writing (4,-4) would be precise and conventional but incorrect. It unambiguously 

and conventionally describes a point the student didn't mean to describe. (Incidentally, 

the description, "four units to the right of the origin and three units below the origin" 

codes as correct, precise, and unconventional.) 

In this framework, "conventional" and "correct" are subsets of "precise." It is 

impossible for a point to be conventional or correct without also being precise. It is 

impossible for a point to be imprecise but also conventional or correct. 

Again, the traditional sources I surveyed seemed only to admit the existence of two 

regions out of the five in this diagram: conventional and correct; conventional and 

incorrect (Figure 7.14). A more expansive view can only benefit practitioners and 

researchers so I will describe more of the landscape of student descriptions. 

 

Imprecise Descriptions 
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Let's consider Question #2 (see Figure 7.16) and start outside the set of precise 

descriptions. What does imprecision look like as students attempted to describe this line 

segment? Three specific categories of imprecision arose often enough to warrant coding. 

 

 

Figure 7.16. Question #2 on the assessment instrument. 

 

First, students employed non-numerical descriptions of locations. These descriptions 

often contained numbers, but the student didn’t use them to describe a precise location. 

Excerpted student quotes: 

 

• "Graph has 5 points" 

• "It doesn't go through quadrants 1,3." 

• "It is trying to show a x-intercept" 
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 Other students wrote numerical descriptions of precise locations, but they wrote 

one-dimensional descriptions of two-dimensional points. 

 

• "The points are on -4 down and positive 2 up." 

• "The point starts from -4 and moves up to positive 2." 

• "Draw a diagonal line from -4 up" 

 

 These students seem to describe only the vertical dimension of each point, one of 

which is four below the x-axis and the other is 2 above the x-axis. Without knowing the 

horizontal position of these points, they cannot be graphed precisely by another party. 

Incidentally, the fifth and sixth most commonly cited points across all student 

descriptions on the pretest were "(2,-4)" and "(-4, 2)" respectively. Without more 

evidence, I coded these as "precise," not "imprecise," but they may indicate students who 

combined two separate one-dimensional descriptions into one two-dimensional 

description 

 I determined a third category of imprecision. Students would describe precise 

locations using square units where linear units were necessary. To illustrate this category, 

imagine I tell you to start at the bottom left corner of a checkerboard and move three 

squares to the right and four squares up. I have precisely described a square but if I now 

ask you to place a point on that square, it is unclear where I'd like you to place it. On one 

of the corners? In the center? Somewhere else entirely? 

 



Chapter 7: Data Analysis & Results 
 

 

115 

• "Start from zero and go down 4 square." 

• "start from zero a second time and follow the line on the right 3 squares and up 2 

squares." 

• "go two blocks up then draw a diagnle line going to the top right box 3 blocks to 

the side then two blocks up" 

 

Precise Descriptions 

 

 If a student described an unambiguous location, I coded their description as 

"precise." Within the category of precise descriptions, I identified four sub-codes: 

"inverted," "reflected," "incorrect," and "correct." Each of those codes manifested 

themselves in conventional and unconventional forms. 

 It is possible to describe these codes without illustration. When students inverted 

their precise location, they wrote the location's vertical distance from the origin before its 

horizontal. (Colloquially, they "flipped" their numbers around.) When they reflected their 

location, functionally, they misapplied a negative sign; graphically, they specified a point 

that was on the other side of one of the axes than the one they intended. 

 These violations of convention were persistent. On both the pre-test and the post-

test, the most common four points cited by students were the two actual endpoints, (3,2) 

and (0,-4), and also their inversions, (2,3) and (-4,0).  On the pre-test, the inverted point, 

(2,3), was cited more frequently than the actual point, (3,2). 

 Even when students described correct and precise points, they described them using 

unconventional notation. Across 507 descriptions on the pre- and post-test I observed 



Chapter 7: Data Analysis & Results 
 

 

116 

students employ ten unique notational conventions, each distinct from conventional 

mathematical notation. Below, I have used all of these students' notational conventions to 

describe the ordered pair (4,-3). 

 

• 4,-3 

• 4(x),-3(y) 

• positive negative 4, 3 

• (-4:3) 

• right four and down three 

• x4,y-3 

• yaxis is -3, xaxis is 4 

• x is 4, y is -3 

• 4x and -3y 

• I4 

 

 These codes for precision, convention, and correctness emerged inductively from 

student descriptions. But in hindsight I could have derived them deductively from the 

definition of conventional ordered pair notation I outlined above. I could have derived 

each of these codes by negating each facet of that convention. Convention says that we 

write the horizontal dimension before the vertical. An emergent code saw students 

writing the vertical before the horizontal – reflection. And so on for each facet except 

one: ordered pairs, by convention, are defined in reference to the origin of the coordinate 

plane. Some students defined their location using alternate reference points: 
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• "Draw a diagnal line three squares above the bottom -5 up to the top right box 

three squares right to the zero" 

• "starts on the bold line on the bottom side, go two blocks up then draw a diagnle 

line going to the top right box 3 blocks to the side then two blocks up" 

• "You should start by starting at the bottom middle then go up 2 then place a dot 

there. Then go to the center of the paper where the zero is, than go over 3 and up 

2." 

 

 I elected not to formally code for this violation of convention as it seemed to 

require too large an inferential leap. These three cited students are each clearly naming 

their point of reference – the bottom-middle of the graph window – but what about the 

student who cited the ordered pair (6,-4)? If her point of reference is the middle left side 

of the graph, her ordered pair successfully describes one of the endpoints of the line 

segment. The student who cites the ordered pair (0,-9) is citing the exact same point, 

provided her reference point is the top-middle of the graph window. But in both cases I 

am inferring a great deal. So finally I coded points such as these, and all others that were 

not explicitly correct or an inversion or reflection of a correct point, as "incorrect." 

 Given all of these categories for student descriptions, I wondered next, in what 

ways do students transition between them? Did the different interventions in these 

experiments provoke different trajectories, different pathways to precision? 

 As I have already discussed, traditional sources imagine a narrow set of student 

descriptions of precise locations. Consequently, their imagination of the different 
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pathways students might take towards precision is also constrained. If students use 

conventional notation, they will either start using it incorrectly and then use it correctly, 

or vice versa, or they won't change at all. (See Figure 7.17.) 

 

 

Figure 7.17. Textbook assumptions of student pathways to precision. 

 

 Actual student change was much less predictable. Between the pre- and post-test 

descriptions, I identified well over 100 unique pathways across 269 students, an 

extraordinary number of permutations of codes. Figure 7.18 illustrates this complexity, 

tracing out the 11 unique pathways towards precision taken by 15 randomly selected 

students from the Functionary condition. 
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Figure 7.18. The 11 unique pathways to precision taken by 15 randomly selected 

students. 

 

 I observed pathways conforming to traditional expectations with students starting 

with only imprecise, unconventional, and incorrect descriptions – "There is a line going 

throw quadrant 3 and 4." – before then using precise, conventional, and correct 

coordinates – "This a line segment going through quadrant 4 and one. The points of the 

line end up at -4 on the yline and (3,2) in quadrant 1." A total transformation. 

 But there were also students who began writing conventional points – "The first 

point is (-5,-5) and goes up to (4,3) then drops back to (-5,0)" – who two days later 

dropped those conventions – "Point A = 0,-2. Point B = 0,4. Connect each of those 

points." 

 It is possible even to find students who began writing conventionally, correctly, and 

precisely – "The line starts at (0,-4). It ends at (3,2). It goes across diagonally" – who 
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then dropped all precision on the post-test – "The line in in the x-intercept and is in 

quadrant 3 and 4. It also goes through a negative y-intercept." Also a total transformation 

but not the kind often imagined by our traditional curricula. 

 I subjected each of these codes to a two-way repeated measures analysis of variance 

having two levels of the within-subject factor (time: pre and post) and three levels of the 

between-subject factor (condition: gold, silver, or bronze). This analysis found an 

interaction effect between time and condition for one of the codes, the number of students 

who used a precise, correct coordinate, whether conventionally or unconventionally 

written, F(2, 234) = 4.256, p = < .05. My post hoc analysis revealed statistically 

insignificant pre-test differences across conditions (p = 1) and insignificant post-test 

results across conditions, but a statistically significant gain from pre- to post- within the 

gold condition (p < .001). (See Table 7.7 for means and standard deviations across 

conditions; Figure 7.19 for graphical output.) 

 Pre Post 
 Mean SD Mean SD 

Gold .26 .44 .57 .55 
Silver .27 .45 .38 .49 
Bronze .25 .44 .36 .48 

Table 7.7. Means and standard deviations of the percent of participants that used a 

correct, precise coordinate (conventionally or unconventionally written) by time and 

condition. 
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Figure 7.19. Percent of participants that used a correct, precise coordinate (conventionally 

or unconventionally written) by condition by time. 

 

 Speaking broadly, the answer to my research question, "In which different ways do 

students describe precise locations on a coordinate plane?" is "Lots." Students invert 

points, they reflect points, they specify them correctly. They're precise and they're 

imprecise. Even when students don't specify precise points precisely, they are imprecise 

in unique ways – describing points with one dimension, describing points with square 

units when linear units are necessary. I mention all of these to complicate my own 

"incorrect" category label. I have argued that traditional curriculum sources designate too 
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much of student work was "incorrect," a reference which tends to connote 

thoughtlessness, when my analysis has demonstrated these students are full of thought. 

With the ability to conduct "coordinate talks" and interview students about their 

descriptions, I would likely also disambiguate my own "incorrect" category. 

 It will have to suffice here for me to say, the problem of precision is more complex 

than our traditional sources of instruction imply. Where the traditional sources assume a 

very small subset of starting and ending points for student precision, the map I have 

drawn here is sprawling, with points and pathways overlapping and even doubling back 

on themselves. Each of these pathways to precision carries with it implications for 

instruction. A teacher should intervene differently with a student who uses an 

unconventional reference point for an origin than with a student who defines two-

dimensional points with one dimension. I will discuss those implications in the next 

chapter. 
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 Summary 

 

 This study posed and studied a solution to a prevailing tension in online 

education: the online medium is fundamentally connective and yet students often report 

feelings of social isolation (Chu, 2013; Hart, 2012, p. 33). The study compared two 

online interventions – both into a student's fluency in the language of functions and 

graphs, a major focus of a student's transition from arithmetic to algebra. The 

"traditional" intervention had students perform auto-graded recall-based work common to 

current online education platforms, and experience didactic instruction. The 

"Functionary" intervention, meanwhile, had students perform communicative work, 

taking turns drawing and describing a graph with an online partner, and experience 

instruction in response to their need. 

These interventions were studied using a pretest-posttest 3 x 2 factorial design with 

three levels of the between-subject condition condition ("traditional," "Functionary," and 

"null") and two levels of the within-subject time condition ("pre" and "post"). Students 

were counterbalanced between conditions according to their pretest scores, which 

assessed their proficiency in various elements of precision in describing and drawing 

graphs. 

A repeated measures analysis of variance determined that students perceived the 

Functionary intervention to be significantly more social than the traditional intervention. 

In the aggregate, both the traditional and Functionary interventions learned significant 

amounts, with neither learning significantly more than the other. An analysis of student 

descriptions of a graph revealed that the Functionary condition saw a significant increase 
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over time in the number of students who used a correct coordinate. The other conditions 

didn't see the same gains. Aspects of Functionary's design may therefore be useful to 

instructors and instructional designers in both online and face-to-face classrooms. This 

study also revealed the challenges students faced taking up conventional mathematical 

notation, adding to our pedagogical content knowledge of the language of functions and 

graphs. 

 

 Limitations & Future Directions 

 

 The results of this study are limited primarily by ecological invalidity and 

experimental control. I claim that this study has implications for the field of online 

education but it studied students in a face-to-face (F2F) classroom. That was a necessary 

compromise given the data I wanted to collect and the scope of a dissertation study. But 

future studies should attempt to replicate these results in a purely online course. Another 

interesting question related to ecology that is unanswered by my study is, how do both of 

these online treatments compare to standard F2F practice. 

 Experimentally, this study could have been more tightly controlled. The 

treatments varied along two dimensions – the form of the instruction (problematized or 

assertive) and the nature of the activity (recall-based or communicative). That lack of 

control leaves open the question, which dimension mattered more? What results would 

we expect from students who experienced assertive instruction but performed 

communicative work? Perhaps the form of the instruction didn't matter at all. This study 

cannot answer those questions and I recommend future studies take them up. 



Chapter 8: Discussion & Conclusions 
 

 

126 

 This study suffered also for requiring the development of an assessment 

instrument and an instructional intervention simultaneously. The development of 

Functionary was informed by the results of an assessment that had only been piloted with 

Functionary. The result was a number of items that were poorly calibrated for the 

intervention, items that saw little change no matter the condition. 

 Much of my analysis here and, particularly, in my third research question focused 

on the multitude of strategies students use to describe a single point – their precisions, 

imprecisions, and notational conventions. No single assessment item asked students to 

describe a single point, however, which now seems like an oversight. Future assessments 

should ask students to describe a single point on a graph. Researchers should then 

augment those descriptions with student interviews. If students described points aloud to 

an interviewer, that conversation might reveal, eg.,  which students were using 

unconventional reference points and which students had simply used the conventional 

reference point incorrectly. With only their written descriptions, this study can only 

speculate about those students. 

 In Chapter 4, I referenced a number of alternative designs I considered and 

rejected for Functionary (eg. a continuous chat-style interaction rather than Functionary's 

discrete turn-based interaction). Those versions should be built and tested also. 

 

 Discussion & Conclusion 

 

 I designed Functionary to meet the consensus recommendations from researchers 

in the fields of online learning and mathematics education. I use the term "consensus" 
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lightly with respect to the field of online learning. As Hopper put it in 2001, "Internet 

teaching is so different from any of the categories of distance learning that preceded it 

that it is essentially a practice without a research foundation." Even in a field so young, 

several findings and recommendations have risen to the level of consensus. A meta-

analysis of studies of the efficacy of online education found promising results for online 

classes, for example, but those results were weighted down by students who withdrew 

from their online coursework (Jaggars & Bailey, 2010; Means et al., 2009). Many 

researchers have identified the lack of social connection between students as a strong 

contributing factor to that attrition (Chu, 2013; Hart, 2012). Functionary was designed to 

foster that social connection between students around disciplinary-specific work. 

I chose for that disciplinary-specific work fluency in the language of functions and 

graphs, as fluency in that language is necessary for a successful transition from arithmetic 

to algebra. Developing fluency in that language, according to mathematics education 

researchers, requires students to use it for the sake of communication rather than for the 

sake of mere recall (Barwell, 2003; 2005; Barwell et al., 2005; Bullock, 1994; Lemke, 

2003; Pimm, 1987; Veel, 1999), and requires their teachers to elicit and build on students' 

informal vocabulary before helping them formalize it (Kaiser, 2000; Kotsopoulos, 2007; 

Lemke, 2003; Veel, 1999). Functionary was designed to satisfy both of those 

recommendations. Functionary also satisfies mandates from standards documents 

(CCSSI, 2010) and recommendations from researchers (Boaler, 1997; Boaler & Staples, 

2008) that students communicate and critique each other in the course of their 

mathematics education . 
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I have demonstrated that Functionary involves students in that important work while 

traditional sources of instruction emphasize recall-based exercises around formal 

vocabulary instead. And yet the condition that completed recall-based exercises in their 

interventions failed to outperform the Functionary condition, even on items that assessed 

recall. The Functionary condition also saw significant gains from pre- to post-test in the 

number of students who used a correct coordinate in their descriptions. The other 

conditions saw no such improvement. Students perceived the Functionary condition to be 

significantly more social than the traditional condition also, though the Functionary 

condition wasn't significantly more social than an average day in the F2F classroom. 

It can't be said that students learn nothing from traditional online instruction. They 

did. But Functionary took the same 45-minute block of instructional time and made more 

of it than did the traditional instruction, losing none of the benefits of that traditional 

work while helping students gain other forms of fluency simultaneously. 

My tests for correlation also revealed no significant correlation between a student's 

initial level of understanding and their assessment gain score, implying this intervention 

isn't biased towards higher- or lower-achieving students. A similar lack of bias was found 

for gender. 

As I wrote in Chapter 4, 100 different curriculum designers would take those same 

recommendations from research and translate them into somewhere close to 100 different 

interventions. The results of my own intervention obviate none of theirs. The results of 

my study also require replication. The intervention and its assessment instrument both 

require iteration. In spite of those disclaimers, I believe my results offer useful 
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recommendations for curriculum designers, mathematics educators, and mathematics 

education researchers alike. 

 

Curriculum Designers 

 

Online education researchers and designers of online curriculum designers have 

called for the development of models for interaction between students around course 

goals (Chu, 2013; Hart, 2012, p. 33). Functionary is one such model. My assessment of 

students' perception of their work as social revealed Functionary was significantly more 

social than either the traditional instruction intervention (p < .05) or the null intervention 

(p < .001). Functionary was insignificantly more social than the students' daily F2F 

classwork, but the finding that an online activity is as social as a F2F classroom is a 

significant one for online curriculum designers. The students who communicated together 

in Functionary weren't shown each others' names. They could have been working from 

different rooms on a campus or from different countries around the globe. 

Adapting this design for other domains in mathematics or other content areas isn't a 

trivial task. To help meet that challenge, I offer the heuristic that guided my development 

of Functionary. First, pace Harel (2013), I tried to determine the need for the language. 

For what tasks did practitioners develop that language? Then I wondered if it was 

possible to give students such a task which a) could be completed using informal 

approximations of that formal language, b) could be completed with much more 

efficiency and precision using the formal language, and c) would be iterative, and 

enhanced by the online medium. The design of Functionary followed rapidly from the 
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answers to those questions. But each of those answers is independent of the others. It is 

possible to design an iterative online task (c) which is more easily performed with formal 

tools (b) but completely inaccessible to a novice (a). Or a task that is informally 

accessible (a) and formally efficient (b) even though the task doesn't take any particular 

advantage of the online medium (c). Satisfying this heuristic across content areas will 

require the best of our technologists, curriculum experts, and instructional designers. 

Engagement poses a second challenge to online curriculum designers. Functionary 

wasn't as fun as it should have been. There was a significant main effect of time on 

engagement, but no interaction with the experimental condition. In the aggregate, all 

conditions said their activity was significantly more engaging than their usual day in 

math class. It is possible we can attribute this to the novelty of using laptops all day, 

which wasn't the daily norm for these math classes. Regardless, my finding that students 

enjoyed clicking answers to multiple choice questions in isolation as much as they did 

describing and drawing graphs socially opens the question: how we could improve 

student enjoyment of the intervention? 

I took field notes during each intervention and noted patterns to student 

disengagement. Students seemed least engaged during the Functionary intervention when 

they were waiting for their turn to describe or draw. That wait time was also cited as 

unengaging by some students during whole-class interviews at the end of the 

intervention. This makes intuitive sense. I observed that same disaffection in early pilots 

as well and, in response, added the one-way mirror effect. Even though students could 

now watch their partners type and draw while waiting for their own turn, that watching 

didn't seem as engaging as doing. And when their partners spent long stretches of time 
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pondering the next word in their description, the one-way mirror became completely 

inactive. The mean total wait time in the Functionary condition was 12.37 minutes (SD = 

5.08 minutes). That's one fourth of the class period spent waiting. No matter how 

engaging or boring students found the traditional online work (submitting answers to 

auto-graded questions) that condition had no wait time. The computer returned results 

immediately. As online curriculum designers produce more models for social work in 

their online courses, they may have to contend with this tension. Social work is important 

but social work will require, by its nature, more wait time than automated work. 

 

Mathematics Educators 

 

Students will spend all of high school and the majority of middle school graphing and 

talking about points and functions of points. All of grade 7-12 mathematics becomes 

easier, therefore, when students can fluently speak the language of functions and graphs.  

Harel's framework (2013) for need requires us to problematize our instruction before 

we offer it. The Functionary intervention problematized the skill of writing precise 

coordinates by putting students in a position to feel the uncertainty that can arise from 

imprecise descriptions. But this study has identified post-hoc more than just those two 

levels of understanding – precise and imprecise. Students use alternate reference points. 

They write coordinates using notation that is unconventional but that is nonetheless 

sensible to them. They reflect and invert their coordinates. 

For each of these levels of understanding, it is helpful for the teacher to ask herself, 

"Why did the community of mathematicians decide to do what they do?" where "what 
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they do" might be their convention for writing coordinates with the horizontal number 

before the vertical or their use of linear units rather than square units for describing 

points. It isn't a simple task to identify that reason, particularly for teachers who have 

been fluent in the language of functions and graphs for a very long time. But once that 

reason has been identified, the instructional intervention is simpler to devise. Many of 

these conventions were originally devised by mathematicians to satisfy their "need for 

communication" (Harel, 2013), a need which comprises efficiency and precision. Before 

teaching students the mathematicians' convention, therefore, it is helpful to problematize 

that need, often by putting students in communication with each other. 

 

• Before teaching students that we describe points using numbers and grids, for 

example, ask them to try to communicate a point on the whiteboard without 

numbers or a grid. That imprecision may create a need for your explanation of the 

grid and how to use it. 

• Before teaching a student who writes coordinates without the parentheses the 

mathematician's convention of using parentheses when writing coordinates, ask 

the student to graph all the points in the string: -4,2,3,7,-2,-1,2,1,2,5. The student's 

difficulties parsing the list of numbers may create a need for the convention of 

separating points with parentheses. 

• Before teaching a student who wrote "four left and three down" the 

mathematician's efficient convention of writing (4,-3), it may be helpful to ask the 

student to describe ten more points that way, creating a need for greater 

efficiency. 
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• Before teaching a student who described a point with square units why 

mathematician describe points with linear units, pass that description to another 

student. Ask that student to place the point where she thinks it should go and then 

hand that graph back to the original describer. The difference between the two 

graphs may provoke the need for greater precision. 

 

These efforts can make math feel purposeful for students rather than purposeless. 

These strategies are only possible to devise, however, when we ask ourselves, "Why do 

mathematicians talk about functions and graphs this way?" and when we understand all 

other ways that students talk about them. 

 

Mathematics Education Researchers 

 

I point to my conceptualization of precision as an important contribution to the field 

of mathematics education research. Prior to my study, the work around precision has 

focused around graphs of functions rather than points. Even in that work, the most 

prominent findings were that students often fail to coordinate the vertical and horizontal 

change in a function (Monk, 1992) and that they often resort to qualitative descriptions of 

quantities (Confrey & Smith, 1995). I replicated those findings and added others, such as 

the use of alternate points of reference as an origin along with other alternate 

conventions. 

I also add to the field of mathematics education research an instantiation of Harel's 

theories of intellectual need. As Harel wrote in 2008, "... detailed methodologies, together 
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with suitable pedagogical strategies, for dealing with this question [of creating need for 

new learning] are yet to be devised" (Harel, 2008, p. 905). Functionary is one such device 

for provoking need for new learning, and one that could be adapted to teach mathematical 

language across the curriculum. If ever a set of formal vocabulary was useful for coming 

to a certain kind of consensus between two people, the Functionary model would ask 

students to come to try to come to consensus, first, using informal vocabulary and, later, 

using formal vocabulary, receiving opportunities for iteration along the way. 

One school of thought holds that in order to teach that formal language effectively, 

teachers must only speak it fluently themselves. In the last 30 years, that school of 

thought has been uprooted and supplanted by an understanding that teachers require 

specialized knowledge about content (like functions and graphs) that other professionals 

do not (Grossman, 1990; Shulman, 1986). A stock analyst needs to know how to interpret 

a graph and understand the difference between a local maximum and a global maximum, 

for example, while the teacher needs to know common reasons why students struggle 

also, and how to respond. The stock analyst has no need for this knowledge, dubbed by 

Shulman, "pedagogical content knowledge" (Shulman, 1986). 

This study has added to our store of pedagogical content knowledge of how students 

describe functions and graphs. In our traditional curriculum, the category of "incorrect 

descriptions" is overloaded. This study has disambiguated that category. What traditional 

sources may code as "incorrect," we may now code as a "uni-dimensional description" or 

"inverted coordinates." This is important because a more nuanced understanding of 

student errors carries with it more nuanced interventions. Our intervention for a student 

who describes a two-dimensional point with one dimension should differ from a student 
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who inverts the dimensions in a point. We find, once again, that student errors are 

thoughtful, rather than thoughtless. A serious treatment of student thought requires 

researchers to understand as many of its particularities as possible. This study has added 

to our understanding of the particularities and dimensions of precision, the implications 

of which should be applied and studied throughout K12 mathematics. 
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Appendix 6.1. Silver vocabulary instruction. 

The silver treatment group received the following instructional packet at the start 

of class. They completed the survey on the first page and then created vocabulary flash 

cards from the second page. When they were ready for their classwork they exchanged 

their flash cards and instructional packet for a link to the classwork assignment. 
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Instructions 
 
1. Take the survey on this page. 
2. Create flash cards for all the terms on the next page. 
3. Turn everything in and receive your last assignment. 
 
Survey 
 
How much class time do you usually spend learning socially, communicating 
mathematical ideas with your classmates? 
 

 Almost all 
 A lot 
 Some 
 A little bit 
 None 

 
 
 
How would you rate your usual enjoyment of learning math? 
 

 I like it very much 
 I like it 
 I don't like it 
 I don't like it at all 
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Vocabulary 
 
Create flash cards for each of the following vocabulary terms. They will be useful 
for problems you’ll solve later. When you’re done, see Mr. Meyer for your next 
assignment. 
 
Your flash cards should include: 
 

� The word. 
� The definition. 
� A picture. 

 

 
 
 
 

Word Definition Picture 

quadrant The four parts of the coordinate 
plane as separated by the x- and y-
axes. 

 

origin The center of the coordinate plane. 

 

x-intercept The place where a graph crosses 
the horizontal x-axis. 

 

y-intercept The place where a graph crosses 
the vertical y-axis. 

 

coordinate A set of values that communicates 
an exact position. 
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Appendix 6.2. Silver condition’s classwork. 

 
After students in the silver condition experienced their vocabulary instruction, they were 

given a link to a website with practice exercises. These practices were dynamically 

graded on the website, though they’re presented in static form here. 
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Appendix 6.3. The assessment instrument. 

 
Students in every condition received the following assessment instrument. There 

were two versions and their counterbalancing is addressed in Chapter 6. 
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Appendix 6.4. Scoring guide for each item on the assessment 
instrument.!
 

A scoring rubric is provided for assessment items that required subjective scoring. 

The Kappa coefficient for interrater reliability is also given. 
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points description 

+1 Student mentions anything to do with precision, 

description, communication, location, maps, making 

oneself understood by somebody else. 

0 

Anything else, including but not limited to: needing it for 

future math, jobs, getting better grades in math class. Or 

when students define the terms. 

Table 6.4A. Question #1 scoring guide. 
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points description 

+1 Have the endpoints been identified? Is every description of 

every point correct? 

+1 
Do they mention one location that is both unambiguous and 

correct? 

+1 

Do they mention any location at all. The location may be 

incorrect but it must be unambiguous. Non-traditional 

coordinate namings are acceptable also, so long as it is clear 

which is x and which is y. 

+1 
Do they identify the shape, a line? Do not award if they just 

name points or say "connect the points." Must say how to 
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connect the points. Do award if they mention a linear equation 

or a value for slope or "diagonal." 

Table 6.4B. Question #2 scoring guide. 

 

 

points description 

+1 They unambiguously cite or describe the y-axis, and do not 

mention or cite the x-axis. 

+1 

They define "intercept" (like "cross" or "pass through" or 

"meet" or "intersect" or "hit" but not "intercept" itself). Or 

they mention an x-value of 0. 

Table 6.4C. Question #4 scoring guide. 
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points description 

+1 The line crosses at a negative y-intercept. 

+1 The line crosses at a positive x-intercept. 

Table 6.4D. Question #5 scoring guide. 

 

 

points description 
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+1 B 

Table 6.4E. Question #6 scoring guide. 

 

 

points description 

+1 Mentions "dividing," "splitting," "cutting," or "middle," etc., 

into two parts. 

+1 Mentions both parts are the same (or "similar"). 

Table 6.4F. Question #7 scoring guide. 
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points description 

+1 Each correct answer. (True; False; True; False; False) 

Table 6.4G. Question #8 scoring guide. 
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points description 

+1 Mentions the impossibility of having a) a positive x-intercept 

with those two points or b) a straight line given those three 

other constraints. 

Table 6.4H. Question #9 scoring guide. 

 

 

points description 
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+1 The line starts at (-4,-2), not (-2,-4). 

+1 The line has a y-intercept, not an x-intercept. 

+1 It stops at (4,-4), it doesn't continue. 

0 Any other fixes.  

0 They write a new description instead of correcting the old. 

Table 6.4I. Question #10 scoring guide. 

 

 

points description 

+1 Is their description complete and correct? Is every listed point 

correct? (eg. Three precise locations given, or two points if 

one is the vertex.) 
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+1 

Do they mention one location that is both precise and correct? 

They get this point if they say (0,-6) or (6,-6), even though 

those aren't strictly correct. 

+1 

Do they mention any location at all. The location may be 

incorrect but it must be precise. Non-traditional coordinate 

notation is acceptable also, so long as it is clear which is x and 

which is y. 

+1 
Do they mention shape? (eg. "parabola," "hill," "curve," 

"arch," "loop," etc.) 

Table 6.4J. Question #11 scoring guide. 

 

 

code description 

 Imprecise 

A Student makes no attempt to describe a precise location. 

B 

Student writes a unidimensional description of a two-

dimensional location. eg. Student only writes the horizontal or 

vertical location of the point. 

C 

Student specifies square units instead of linear units. eg. 

Student uses "boxes", "blocks", "squares," "spaces," "rows," or 

"columns" to describe a point, leaving ambiguous which 
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corner of the square unit the student refers to. 

  

 Precise 

D 
Student inverts coordinates. eg. Student writes (y, x) instead of 

(x, y). 

E 
Student reflects coordinates. eg. Student writes (-x, y), (x, -y), 

or (-x, -y) instead of (x,y). 

F Student writes a coordinate that isn't a solution of the graph. 

G Student writes a coordinate that is a solution of the graph. 

Table 6.4K. Question #2 description scoring guide. 

 

Additionally, each code for precision was disaggregated as either "conventional" or 

"unconventional." Conventional coordinates are enclosed in two parentheses, with each 

dimension separated by a comma. 

 

Item Kappa  

Question #1 .78 

Question #2 .85 

Question #2 Descriptions .73 

Question #4 .72 



Chapter 9: Appendices 
 

 

163 

Question #7 1.00 

Question #9 .86 

Question #10 .75 

Question #11 .83 

Table 6.4L. Cohen's Kappa interrater reliability coefficient. 
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Appendix 6.5. Bronze surveys of social perception and engagement. 

Towards the end of the bronze intervention, students were handed a card with the 

following survey questions. 
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Appendix 7.1. Two-way ANOVA summary tables for pre- and post-test 

scores. 

 

 Factor Variables: 

• Condition (bronze, silver, gold) 

• Time (pre, post) 

 

Dependent Variable: 

• Value (item scores) 
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social.score 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value  Pr(>F)    

functionary.version   2  18.18   9.090   6.944 0.00119 ** 

Residuals           223 291.92   1.309                    

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value   Pr(>F)     

time                       1   6.45   6.451   9.976 0.001806 **  

functionary.version:time   2  11.33   5.667   8.764 0.000217 *** 

Residuals                223 144.21   0.647                      

Table 7.1A. Two-way ANOVA summary table for the student's social perception survey 

score. 
 

 

 

engage.score 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F)   

functionary.version   2    8.2   4.107   2.414 0.0919 . 

Residuals           216  367.5   1.701                  

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value  Pr(>F)     

time                       1  23.75  23.753  28.050 2.9e-07 *** 

functionary.version:time   2   4.33   2.166   2.558  0.0798 .   

Residuals                216 182.91   0.847                     

Table 7.1B. Two-way ANOVA summary table for the student's engagement survey 

score. 
 

 

 

q1 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   0.69  0.3447   1.279   0.28 

Residuals           233  62.80  0.2695                

 

Error: random.id:time 
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                          Df Sum Sq Mean Sq F value  Pr(>F)    

time                       1  1.025  1.0254   9.744 0.00203 ** 

functionary.version:time   2  0.455  0.2277   2.164 0.11718    

Residuals                233 24.519  0.1052                    

Table 7.1C. Two-way ANOVA summary table for the student's Question #1 score. 
 

 

 

q2 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F)   

functionary.version   2   10.2   5.083    2.37 0.0957 . 

Residuals           233  499.7   2.144                  

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value   Pr(>F)     

time                       1  19.12  19.121  27.447 3.61e-07 *** 

functionary.version:time   2   6.06   3.032   4.352   0.0139 *   

Residuals                233 162.32   0.697                      

Table 7.1D. Two-way ANOVA summary table for the student's Question #2 score. 
 

 

 

 

q2.coords.count 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2    1.5  0.7626   0.455  0.635 

Residuals           234  392.1  1.6755                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value   Pr(>F)     

time                       1  14.53  14.534  22.275 4.07e-06 *** 

functionary.version:time   2   1.29   0.643   0.985    0.375     

Residuals                234 152.68   0.652                      

Table 7.1E. Two-way ANOVA summary table for the count of the coordinates in the 

student's Question #2 description. 
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q2.correct.coords.count 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   2.97   1.487   1.398  0.249 

Residuals           234 248.99   1.064                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value   Pr(>F)     

time                       1   8.64   8.641   21.34 6.36e-06 *** 

functionary.version:time   2   1.59   0.794    1.96    0.143     

Residuals                234  94.77   0.405                      

Table 7.1F. Two-way ANOVA summary table for the count of the correct coordinates in 

the student's Question #2 description. 
 

 

 

q2.correct.coords.count.reflect 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2  0.038 0.01908   0.276  0.759 

Residuals           234 16.164 0.06908                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1  0.019 0.01899   0.272  0.602 

functionary.version:time   2  0.163 0.08137   1.167  0.313 

Residuals                234 16.318 0.06974                

Table 7.1G. Two-way ANOVA summary table for the count of the correct coordinates 

(adjusted for reflection) in the student's Question #2 description. 
 

 

 

q2.correct.coords.count.invert 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   0.02  0.0078   0.023  0.977 

Residuals           234  79.04  0.3378                

 

Error: random.id:time 
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                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1   0.14  0.1350   0.623  0.431 

functionary.version:time   2   0.14  0.0705   0.325  0.723 

Residuals                234  50.72  0.2168                

Table 7.1H. Two-way ANOVA summary table for the count of the correct coordinates 

(adjusted for inversion) in the student's Question #2 description. 
 

 

 

q2.correct.coords.adjusted.count 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2    2.6   1.320   0.835  0.435 

Residuals           234  370.0   1.581                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value  Pr(>F)     

time                       1  11.87  11.867  21.020 7.4e-06 *** 

functionary.version:time   2   2.52   1.262   2.236   0.109     

Residuals                234 132.11   0.565                     

Table 7.1I. Two-way ANOVA summary table for the count of the correct coordinates 

(adjusted for either reflection or inversion) in the student's Question #2 description. 
 

 

 

q2.incorrect.coords.count 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   1.32  0.6593   2.104  0.124 

Residuals           234  73.33  0.3134                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1   0.14  0.1350   0.549  0.459 

functionary.version:time   2   0.32  0.1578   0.641  0.527 

Residuals                234  57.55  0.2459                

Table 7.1J. Two-way ANOVA summary table for the count of the incorrect coordinates 

(those that couldn't be corrected by adjusting for reflection or inversion) in the student's 

Question #2 description. 
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q2.intercept.uses 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F)   

functionary.version   2   0.95  0.4727   3.374 0.0359 * 

Residuals           234  32.78  0.1401                  

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value   Pr(>F)     

time                       1  1.021  1.0211  12.195 0.000573 *** 

functionary.version:time   2  0.386  0.1929   2.304 0.102137     

Residuals                234 19.593  0.0837                      

Table 7.1K. Two-way ANOVA summary table for the count of uses of "intercept" in the 

student's Question #2 description. 
 

 

 

 

q2.origin.uses 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2  0.096 0.04813   0.761  0.468 

Residuals           234 14.794 0.06322                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value  Pr(>F)    

time                       1  0.019 0.01899   0.626 0.42975    

functionary.version:time   2  0.380 0.18993   6.259 0.00225 ** 

Residuals                234  7.101 0.03035                    

Table 7.1L. Two-way ANOVA summary table for the count of uses of "origin" in the 

student's Question #2 description. 
 

 

 

q2.quadrant.uses 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 
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functionary.version   2   0.63  0.3133   0.337  0.714 

Residuals           234 217.65  0.9301                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value   Pr(>F)     

time                       1  10.64  10.635  25.717 8.04e-07 *** 

functionary.version:time   2   1.10   0.549   1.327    0.267     

Residuals                234  96.77   0.414                      

Table 7.1M. Two-way ANOVA summary table for the count of uses of "quadrant" in the 

student's Question #2 description. 
 

 

 

 

q2.total.uses 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   0.05  0.0272   0.023  0.977 

Residuals           234 274.13  1.1715                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value   Pr(>F)     

time                       1  19.44  19.443  34.682 1.34e-08 *** 

functionary.version:time   2   2.38   1.188   2.119    0.122     

Residuals                234 131.18   0.561                      

Table 7.1N. Two-way ANOVA summary table for the count of total uses of these 

vocabulary words in the student's Question #2 description. 
 

 

 

q2.description.length 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F)   

functionary.version   2  37427   18713   4.622 0.0107 * 

Residuals           234 947322    4048                  

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value   Pr(>F)     

time                       1    435     435   0.282    0.596     

functionary.version:time   2  31134   15567  10.110 6.14e-05 *** 
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Residuals                234 360283    1540                      

Table 7.1O. Two-way ANOVA summary table for the length of the student's Question #2 

description as measured in characters. 
 

 

 

q4 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value  Pr(>F)    

functionary.version   2   5.47  2.7354   4.776 0.00927 ** 

Residuals           234 134.01  0.5727                    

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value   Pr(>F)     

time                       1  21.10  21.097  65.803 2.81e-14 *** 

functionary.version:time   2   2.88   1.440   4.493   0.0122 *   

Residuals                234  75.02   0.321                      

Table 7.1P. Two-way ANOVA summary table for the student's Question #4 score. 
 

 

 

q5 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F)   

functionary.version   2   4.05  2.0239   2.727 0.0675 . 

Residuals           234 173.68  0.7422                  

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value  Pr(>F)    

time                       1   6.15   6.152   9.759 0.00201 ** 

functionary.version:time   2   1.33   0.666   1.057 0.34909    

Residuals                234 147.52   0.630                    

Table 7.1Q. Two-way ANOVA summary table for the student's Question #5 score. 
 

 

 

q6.score 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 
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functionary.version   2   1.18  0.5920   1.918  0.149 

Residuals           234  72.22  0.3086                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F)   

time                       1   0.61  0.6097   3.947 0.0481 * 

functionary.version:time   2   0.75  0.3734   2.417 0.0914 . 

Residuals                234  36.14  0.1545                  

Table 7.1R. Two-way ANOVA summary table for the student's Question #6 score. 
 

 

 

q7 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   0.32  0.1589   0.148  0.863 

Residuals           234 251.47  1.0747                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F)   

time                       1   0.93  0.9304   5.854 0.0163 * 

functionary.version:time   2   0.38  0.1887   1.187 0.3069   

Residuals                234  37.19  0.1589                  

Table 7.1S. Two-way ANOVA summary table for the student's Question #7 score. 
 

 

 

q8.score 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2    2.1   1.066   0.659  0.518 

Residuals           234  378.3   1.617                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value  Pr(>F)     

time                       1  35.11   35.11   30.35 9.5e-08 *** 

functionary.version:time   2   0.67    0.34    0.29   0.748     

Residuals                234 270.72    1.16                     

Table 7.1T. Two-way ANOVA summary table for the student's Question #8 score. 
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q9 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2  0.117 0.05867   0.835  0.435 

Residuals           234 16.444 0.07027                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1  0.135 0.13502   2.133  0.145 

functionary.version:time   2  0.053 0.02636   0.416  0.660 

Residuals                234 14.812 0.06330                

Table 7.1U. Two-way ANOVA summary table for the student's Question #9 score. 
 

 

 

q10 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2    1.3  0.6499   0.888  0.413 

Residuals           234  171.3  0.7322                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value   Pr(>F)     

time                       1   4.08   4.084  14.117 0.000217 *** 

functionary.version:time   2   0.22   0.108   0.372 0.689599     

Residuals                234  67.70   0.289                      

Table 7.1V. Two-way ANOVA summary table for the student's Question #10 score. 
 

 

 

q11 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2    5.6   2.803    1.44  0.239 

Residuals           234  455.7   1.947                

 

Error: random.id:time 
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                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1   0.05  0.0527   0.085  0.770 

functionary.version:time   2   0.90  0.4492   0.727  0.484 

Residuals                234 144.55  0.6177                

Table 7.1W. Two-way ANOVA summary table for the student's Question #11 score. 
 

 

 

q11.coords.count 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2    8.7   4.331   1.002  0.369 

Residuals           234 1011.9   4.324                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1   0.93  0.9304   0.757  0.385 

functionary.version:time   2   0.08  0.0375   0.031  0.970 

Residuals                234 287.49  1.2286                

Table 7.1X. Two-way ANOVA summary table for the count of the coordinates in the 

student's Question #11 description. 
 

 

 

q11.correct.coords.count 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2    6.7   3.359    1.69  0.187 

Residuals           234  465.0   1.987                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1   0.02  0.0190   0.023  0.879 

functionary.version:time   2   2.32  1.1588   1.418  0.244 

Residuals                234 191.16  0.8169                

Table 7.1Y. Two-way ANOVA summary table for the count of the correct coordinates in 

the student's Question #11 description. 
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q11.correct.coords.count.reflect 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   0.31  0.1543   0.605  0.547 

Residuals           234  59.66  0.2550                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1   0.02 0.01899   0.122  0.727 

functionary.version:time   2   0.04 0.01956   0.126  0.882 

Residuals                234  36.44 0.15573                

Table 7.1Z. Two-way ANOVA summary table for the count of the correct coordinates 

(adjusted for reflection) in the student's Question #11 description. 
 

 

 

q11.correct.coords.count.invert 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2  0.113 0.05637   0.597  0.551 

Residuals           234 22.090 0.09440                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F)   

time                       1  0.475  0.4747   6.163 0.0137 * 

functionary.version:time   2  0.001  0.0007   0.010 0.9905   

Residuals                234 18.024  0.0770                  

Table 7.1AA. Two-way ANOVA summary table for the count of the correct coordinates 

(adjusted for inversion) in the student's Question #11 description. 
 

 

 

q11.correct.coords.adjusted.count 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2    8.1   4.058   1.387  0.252 

Residuals           234  684.7   2.926                
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Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1   0.47  0.4747   0.498  0.481 

functionary.version:time   2   1.91  0.9556   1.002  0.369 

Residuals                234 223.11  0.9535                

Table 7.1AB. Two-way ANOVA summary table for the count of the correct coordinates 

(adjusted for either reflection or inversion) in the student's Question #11 description. 
 

 

 

 
 

q11.incorrect.coords.count 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   0.01  0.0049   0.008  0.992 

Residuals           234 148.32  0.6339                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1   0.08  0.0759   0.229  0.633 

functionary.version:time   2   1.26  0.6313   1.902  0.152 

Residuals                234  77.66  0.3319                

Table 7.1AC. Two-way ANOVA summary table for the count of the incorrect 

coordinates (those that couldn't be corrected by adjusting for reflection or inversion) in 

the student's Question #11 description. 
 

 

 

q11.intercept.uses 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   0.10  0.0520   0.137  0.872 

Residuals           234  88.95  0.3801                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1   0.41  0.4135   1.777  0.184 

functionary.version:time   2   0.15  0.0752   0.323  0.724 
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Residuals                234  54.44  0.2326                

Table 7.1AD. Two-way ANOVA summary table for the count of uses of "intercept" in 

the student's Question #11 description. 
 

 

 

q11.origin.uses 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2  0.053 0.02652   0.416   0.66 

Residuals           234 14.926 0.06379                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1  0.034 0.03376   0.672  0.413 

functionary.version:time   2  0.206 0.10315   2.053  0.131 

Residuals                234 11.760 0.05026                

Table 7.1AE. Two-way ANOVA summary table for the count of uses of "origin" in the 

student's Question #11 description. 
 

 

 

q11.quadrant.uses 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   1.62  0.8089   0.801   0.45 

Residuals           234 236.30  1.0098                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F)   

time                       1   1.22  1.2152   3.226 0.0737 . 

functionary.version:time   2   0.65  0.3262   0.866 0.4219   

Residuals                234  88.13  0.3766                  

Table 7.1AF. Two-way ANOVA summary table for the count of uses of "quadrant" in the 

student's Question #11 description. 
 

 

 

q11.total.uses 
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Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2    1.7  0.8318   0.478  0.621 

Residuals           234  407.1  1.7399                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F)   

time                       1   3.72   3.722   6.293 0.0128 * 

functionary.version:time   2   0.90   0.451   0.762 0.4677   

Residuals                234 138.38   0.591                  

Table 7.1AG. Two-way ANOVA summary table for the count of total uses of these 

vocabulary words in the student's Question #11 description. 
 

 

 

q11.description.length 

 

Error: random.id 

                     Df  Sum Sq Mean Sq F value Pr(>F) 

functionary.version   2   16696    8348   1.561  0.212 

Residuals           234 1251179    5347                

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F) 

time                       1    267   267.4   0.176  0.675 

functionary.version:time   2   1415   707.3   0.467  0.628 

Residuals                234 354585  1515.3                

Table 7.1AH. Two-way ANOVA summary table for the length of the student's Question 

#11 description. 
 

 

 

sum 

 

Error: random.id 

                     Df Sum Sq Mean Sq F value Pr(>F)   

functionary.version   2    159   79.69   2.772 0.0646 . 

Residuals           234   6728   28.75                  

 

Error: random.id:time 

                          Df Sum Sq Mean Sq F value Pr(>F)     
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time                       1  538.0   538.0  96.022 <2e-16 *** 

functionary.version:time   2   37.3    18.7   3.331 0.0375 *   

Residuals                234 1311.1     5.6                    
Table 7.1AI. Two-way ANOVA summary table for the sum of all the scores on the 

assessment instrument. 
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Appendix 7.2. Post-hoc pairwise t-test results. 

 

Results from pairwise t-tests used in a post-hoc analysis of interaction effects of 

experimental condition and time. A Holm p-value adjustment was applied to account for 

Type I error slippage. Means and standard deviations are also supplied. 
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 Bronze 

Pre 

Bronze 

Post 

Silver 

Pre 

Silver 

Post 

Gold 

Pre 

Gold 

Post 

Bronze – Pre       

Bronze – Post .26630      

Silver – Pre 1.000 .60394     

Silver – Post <.001 .30646 .00459    

Gold – Pre 1.000 1.000 1.000 .03212   

Gold – Post <.001 .01965 <.001 1.000 <.001  

Table 7.2A: Pairwise t-tests used in a post-hoc analysis of the interaction effect between 

time and condition on the sum of the pre- and post-test scores. 

 Pre Post 

 Mean SD Mean SD 

Gold 8.00 4.07 10.63 4.62 

Silver 7.52 3.40 9.96 4.68 

Bronze 7.24 3.55 8.61 4.36 

Table 7.2B. Means and standard deviations for the sum of the pre- and post-test scores. 

 

 

 Bronze 

Pre 

Bronze 

Post 

Silver 

Pre 

Silver 

Post 

Gold 

Pre 

Gold 

Post 

Bronze – Pre       

Bronze – Post 1.000      

Silver – Pre 1.000 1.000     

Silver – Post 1.000 1.000 1.000    

Gold – Pre 1.000 1.000 1.000 1.000   

Gold – Post <.001 .04009 <.001 1.000 .00194  

Table 7.2C: Pairwise t-tests used in a post-hoc analysis of the interaction effect between 

time and condition on question #2. 
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 Pre Post 

 Mean SD Mean SD 

Gold 1.44 1.20 2.16 1.09 

Silver 1.38 1.28 1.62 1.21 

Bronze 1.37 1.12 1.61 1.25 

Table 7.2D. Means and standard deviations for Question #2. 

 

 

 Bronze 

Pre 

Bronze 

Post 

Silver 

Pre 

Silver 

Post 

Gold 

Pre 

Gold 

Post 

Bronze – Pre       

Bronze – Post 1.000      

Silver – Pre 1.000 1.000     

Silver – Post 1.000 1.000 1.000    

Gold – Pre 1.000 1.000 1.000 1.000   

Gold – Post 1.000 .054 .539 .539 .159  

Table 7.2E: Pairwise t-tests used in a post-hoc analysis of the interaction effect between 

time and condition on the number of uses of the word "origin" in the Question #2 

descriptions. 

 Pre Post 

 Mean SD Mean SD 

Gold .01 .11 .10 .34 

Silver .03 .23 .03 .23 

Bronze .05 .22 0 0 

Table 7.2F. Means and standard deviations for the number of uses of the word "origin" in 

the Question #2 descriptions. 

 

 Bronze 

Pre 

Bronze 

Post 

Silver 

Pre 

Silver 

Post 

Gold 

Pre 

Gold 

Post 

Bronze – Pre       
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Bronze – Post 1.000      

Silver – Pre .1219 .0205     

Silver – Post 1.000 1.000 .1608    

Gold – Pre 1.000 .6751 1.000 1.000   

Gold – Post .0113 .0011 1.000 .0186 .2232  

Table 7.2G: Pairwise t-tests used in a post-hoc analysis of the interaction effect between 

time and condition on the count of the number of characters in the Question #2 

description. 

 Pre Post 

 Mean SD Mean SD 

Gold 71.54 53.23 90.25 50.40 

Silver 84.02 72.45 62.89 46.30 

Bronze 62.4 51.78 57.27 39.13 

Table 7.2H. Means and standard deviations for the count of the number of characters in 

the Question #2 description. 

 

 

 Bronze 

Pre 

Bronze 

Post 

Silver 

Pre 

Silver 

Post 

Gold 

Pre 

Gold 

Post 

Bronze – Pre       

Bronze – Post .07655      

Silver – Pre 1.000 .39083     

Silver – Post <.001 <.001 <.001    

Gold – Pre 1.000 .27234 1.000 <.001   

Gold – Post <.001 .39083 .00754 .07527 .00298  

Table 7.2I: Pairwise t-tests used in a post-hoc analysis of the interaction effect between 

time and condition on question #4. 

 

 Pre Post 

 Mean SD Mean SD 
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Gold .31 .54 .69 .75 

Silver .33 .58 .97 .82 

Bronze .25 .56 .52 .72 

Table 7.2J. Means and standard deviations for Question #4. 

 

 Bronze 

Pre 

Bronze 

Post 

Silver 

Pre 

Silver 

Post 

Gold 

Pre 

Gold 

Post 

Bronze – Pre       

Bronze – Post .0365      

Silver – Pre .4421 <.001     

Silver – Post 1.000 .3170 .0583    

Gold – Pre 1.000 .0023 1.000 .4803   

Gold – Post .2457 <.001 1.000 .0238 .9062  

Table 7.2K: Pairwise t-tests used in a post-hoc analysis of the interaction effect between 

time and condition on a student's perception that the activity was social. 

 

 Pre Post 

 Mean SD Mean SD 

Gold 2.21 .91 2.42 1.08 

Silver 2.36 .72 1.92 1.13 

Bronze 2.07 .81 1.59 1.19 

Table 7.2L. Means and standard deviations for the student’s perception that the activity 

was social. 
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Appendix 7.3. Paired t-tests for change between the two rounds of the gold 

Functionary condition. 
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Data Player 1 Change Player 2 Change 

Description 

length 

t(71.947) = -1.8223 

p = .07257 

t(60.01) = .7742 

p = 0.7742 

Vocabulary t(66.921) = -1.7436 

p = 0.08583 

t(67.757) = -0.4144 

p = 0.6799 

Coordinates t(65.571) = -0.5616 

p = 0.5763 

t(61.926) = -0.8422 

p = 0.4029 

Correct 

coordinates 

t(63.13) = -0.694 

p = 0.4902 

t(69.763) = -1.5862 

p = 0.1172 

Correct 

coordinates 

(adjusted) 

t(67.501) = -0.7057 

p = 0.4828 

t(64.859) = -2.9155 

p < .01 

Description 

time 

t(61.218) = 1.6895, 

p = 0.09622 

t(55.908) = 1.6458, 

p = 0.1054 

Graph 

score 

t(70.31) = -7.497 

p < .001 

t(52.42) = -6.0665 

p < .001 

Draw time t(49.587) = 1.8857 

p = 0.0652 

t(53.127) = 1.6415 

p = 0.1066 

Confusion t(86.485) = -0.7003 

p = 0.4856 

t(80.436) = 0.0533 

p = 0.9577 

Table 7.3A. Paired t-tests for change between the two rounds of the gold Functionary 

condition. 

 Partner 1 Partner 2 

 Mean SD Mean SD 

Round 1  28.63 28.07 37.62 34.18 

Round 2 72.18 22.23 78.56 19.50 
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Table 7.3B. Means and standard deviations for the change in a partner’s drawing score 

between their first and second rounds of Functionary. 

 

 

 Partner 1 Partner 2 

 Mean SD Mean SD 

Round 1  1.00 2.43 .39 .99 

Round 2 1.33 1.68 1.19 1.33 

Table 7.3C. Means and standard deviations for the change in a partner’s count of correct 

coordinates used (adjusted for inversions and reflections) between their first and second 

rounds of Functionary. 
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Appendix 7.4. Two Functionary transcripts. 

 

Two Functionary transcripts, the first from a partnership that saw a great deal of 

improvement in their drawing scores and exemplified three Functionary strategies, the 

other from a partnership that saw little improvement and exemplified only one of those 

actions – signaling confusion. 
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Figure 7.4A. Ineffective Functionary practice. 
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Figure 7.4B. Effective Functionary practice. 
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